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We demonstrate that multipartite entanglement is able to characterize one-dimensional symmetry-
protected topological order, which is witnessed by the scaling behavior of the quantum Fisher information
of the ground state with respect to the spin operators defined in the dual lattice. We investigate an extended
Kitaev chain with a Z symmetry identified equivalently by winding numbers and paired Majorana
zero modes at each end. The topological phases with high winding numbers are detected by the scaling
coefficient of the quantum Fisher information density with respect to generators in different dual lattices.
Containing richer properties and more complex structures than bipartite entanglement, the dual multipartite
entanglement of the topological state has promising applications in robust quantum computation and
quantum metrology, and can be generalized to identify topological order in the Kitaev honeycomb model.
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Introduction.—In recent years, quantum topological
phases [1] in extended systems have become of great
significance in modern physics due to their promise for
both topological quantum computation [2–7] and con-
densed matter physics [8,9]. Topological phase transitions,
beyond the Landau symmetry-breaking theory, are
described by the change of topological order or sym-
metry-protected topological (SPT) order [1]. Topological
order [10], e.g., quantum Hall states or spin liquids [11],
cannot be described by local order parameters [12,13]
but can be characterized by the long-range entanglement
encoded in the states of the systems, such as the topological
entanglement entropy [14,15] and entanglement spectrum
[16]. Further enriched by symmetries, SPT phases, corre-
sponding to short-range entangled phases with symmetry-
protected edge modes [17–20], are theoretically proposed
and experimentally discovered in topological insulators
and superconductors [20–26]. These characteristics make
topological states robust against local noise, which has
emerged as one of the most exciting approaches to realizing
topologically protected quantum information processing
and fault-tolerant quantum computing [27]. The simplest
realization would be the Majorana zero modes (MZMs)
at the edges of low-dimensional systems [28–34], e.g.,
extended Kitaev models [35–38], which have recently been
observed in various experimental platforms including
nanowire devices [39,40] and quantum spin liquids [41].
In addition to the fruitful results from bipartite entangle-

ment [14–16], multipartite entanglement [42–45] (wit-
nessed by the quantum Fisher information (QFI) [46–48]

with respect to nonlocal operators [49]) displays much
richer properties of complex structures of topological states
and deserves further investigation. The QFI quantifies
useful multipartite entanglement for quantum metrology,
which is confirmed by quantum parameter estimation with
sub-shot-noise sensitivity [45–48,50,51]. Recently, it was
shown that the scaling behavior of the QFI with respect
to spin operators in the original lattice is sensitive for
detecting the topologically nontrivial phases with low
winding numbers ν ¼ �1, � 1

2
[52]. However, we find that

topological phases with higher winding numbers cannot be
characterized by the QFI with respect to these operators.
In this Letter, we provide a general method to character-

ize 1D SPT order with higher winding numbers by
multipartite entanglement defined in the dual lattice. We
focus on an extended Kitaev fermion chain with p-wave
superconductivity and a chiral symmetry belonging to
the Z-type BDI class [53–55] identified equivalently by
high winding numbers and boundary MZMs from the
Bogoliubov–de Gennes (BdG) Hamiltonian. Dual multi-
partite entanglement is signaled by the scaling behavior of
the QFI density of the ground state with respect to spin
operators by the duality transformation [56–59]. By
exploiting the duality of the model, we find that the QFI
density in dual lattices, written in terms of string correlation
functions (SCFs) [59–61], has a linear scaling behavior
versus system size in SPT phases and detects 1D quantum
SPT phase transitions. Therefore, together with Ref. [52],
dual multipartite entanglement can be used to identify SPT
order. We also extend our investigation to the Kitaev
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honeycomb model [62], indicating that our results can be
generalized to 2D systems with topological order. Our
work reveals the possibility of promising applications of
topologically protected multipartite entanglement in robust
quantum computation and quantum metrology.
Winding numbers, Majorana zero modes, and topological

phase transitions.—We study the extended Kitaev fermion
chain with extensive pairing and hopping terms [37],

H ¼
XNf

n¼1

XL
j¼1

�
Jþn
2
c†jcjþn þ

J−n
2
c†jc

†
jþn þ H:c:

�

−
XL
j¼1

μ

�
c†jcj −

1

2

�
; ð1Þ

where L (assumed even) is the total number of sites, Nf

denotes the farthest pairing and hopping distance, and
the antiperiodic conditions cjþL ¼ −cj are assumed. The
hopping and pairing parameters J�n are all chosen as real
numbers, to make the Hamiltonian preserve time-reversal
symmetry and belong to the BDI class (Z type) charac-
terized by a winding number [53,54]. Through the Jordan-
Wigner transformation c1 ¼ −σþ1 , cj ¼ −σþj

Qj−1
i¼1 σ

z
i , this

spinless fermion model corresponds to the extended Ising
model [63–68]
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with Jx;y ≡ ðJþn � J−n Þ=2. In the thermodynamic limit
L ≫ Nf ≥ 1, the Hamiltonian (1) can be diago-
nalized by a Fourier-Bogoliubov transformation with
energy spectrum ϵq ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yðqÞ2 þ zðqÞ2

p
, where yðqÞ ¼PNf

n¼1 J
−
n sinðnqÞ, zðqÞ ¼ PNf

n¼1 J
þ
n cosðnqÞ − μ, with q

the wave vector [68].
As aZ topological invariant [53,65], the winding number

of the closed loop with the vector rðqÞ ¼ ½0; yðqÞ; zðqÞ� in
the auxiliary y-z plane around the origin can be written
as ν ¼ ð1=2πÞ H ðydz − zdyÞ=jrj2. Substituting ζðqÞ≡
expðiqÞ, for yðqÞ≡ YðζÞ and zðqÞ≡ ZðζÞ, we can define
a complex characteristic function gðζÞ≡ ZðζÞ þ iYðζÞ and
obtain the winding number by calculating the logarithmic
residue of gðζÞ in accordance with the Cauchy’s argument
principle [70] ν ¼ ð1=2πiÞ Hjζj¼1 dζg

0ðζÞ=gðζÞ ¼ N − P,
where in the complex region jζj < 1, N is the number
of zeros and P is the number of poles. Moreover,
topological phase transitions are characterized by the
change of winding numbers at the critical points that
can be calculated by solving gðζÞ ¼ 0 on the contour
jζj ¼ 1 [68]. Similarly, the topologically nontrivial phases
for the model (1) are also identified by the existence of

paired boundary MZMs of which the properties are
obtained from the solution of the BdG Hamiltonian with
open boundary conditions [64,71,72]. This can also be
transformed to calculating zeros of gðζÞ in jζj < 1, such
that the number of MZMs at each end of the open chain,
defined as M0, equals the absolute value of the winding
number: M0 ¼ jN − Pj ¼ jνj. Therefore, these two
approaches [(i) by winding numbers from the geometric
topology in the 2D auxiliary space, and (ii) by MZMs from
BdG equations to characterize topological phases] in the
extended Kitaev chain in Eq. (1) are equivalent [68] (see,
e.g., Fig. 1).
Multipartite entanglement and QFI density.—

Multipartite entanglement [43,44] plays a key role in
quantum physics and quantum metrology, and moreover,
it is central to understanding quantum many-body systems.
QFI, similar as quantum spin squeezing [73,74], is a
significant quantity in both large-scale multipartite entan-
glement detection and high-precision quantum metrology
[45–48,50,51]. Given a generator O and a mixed state
ρ ¼ P

ipijiihij, with hijji ¼ δij, the QFI of a state ρðtÞ ¼
expð−itOÞρ expðitOÞ with respect to a parameter t is [46]
FQ½O; ρ� ¼ P

piþpj≠02ðpi − pjÞ2jhijOjjij2=ðpi þ pjÞ. For
a pure state jψi, the QFI can be simplified as
FQ½O; jψi� ¼ 4ðΔψOÞ2, where the variance of the gener-
ator is ðΔψOÞ2 ≡ hO2iψ − hOi2ψ . The QFI relates to
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FIG. 1. (a) Energy spectrum for L ¼ 200 sites, (b) trajectory of
the winding vector rðqÞ ¼ ½0; yðqÞ; zðqÞ�, (c)–(e) probability
distributions [blue (red) curve is for left (right) modes] of MZMs
for L ¼ 60 sites given different values of a chemical potential μ
for the extended Kitaev chain with Nf ¼ 3 and J�1 ¼ 1, J�2 ¼ 2,
J�3 ¼ 2. (c) The phase diagram characterized by the winding
number. (d) For μ ¼ 0, the winding number ν ¼ 3 and we have
three pairs of nondegenerate MZMs exponentially localized at the
domain wall. (e) For μ ¼ −2, ν ¼ 2 and there are two pairs of
MZMs. (f) When μ ¼ 1, ν ¼ 1 which leads to one pair of MZMs.
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dynamic susceptibilities [75] that are routinely measured in
laboratory experiments. Furthermore, the scaling of the QFI
with respect to nonlocal operators [49] would be sensitive
to topological quantum phase transitions [52]. For critical
systems with L sites, we consider a QFI density with form
fQ ¼ FQ=L, and the violation of the inequality fQ ≤ κ
signals (κ þ 1)-partite entanglement (1 ≤ κ ≤ L − 1) [42].
To detect a topological phase of an extended Kitaev

chain with a winding number ν ¼ �1, the generators in
terms of spin operators in the x, y directions through the
Jordan-Wigner transformation are chosen as [52] Oν¼�1 ¼P

L
j¼1 σ

x;y
j =2, and staggered operators as OðstÞ

ν¼�1 ¼P
L
j¼1ð−Þjσx;yj =2. Then, the QFI density for the ground

state jGi becomes fQ½Oν¼�1; jGi� ¼ 1þP
L−1
r¼1 Cν¼�1ðrÞ

and fQ½OðstÞ
ν¼�1; jGi� ¼ 1þP

L−1
r¼1 ð−ÞrCν¼�1ðrÞ, where the

spin-spin correlation functions are Cν¼�1ðrÞ≡ hσx;yj σx;yjþriG,
with h� � �iG the average of the ground state jGi. A
topological phase with a low winding number can be
characterized by power-law diverging finite-size scaling
of the QFI density, fQ ∝ L, as discussed in Ref. [52].
Characterization of topological phases by multipartite

entanglement in the dual lattice.—Duality in physics
provides different but equivalent mathematical descriptions
of a system and provides an overall understanding
of the same physical phenomena from different angles
[58]. For example, an Ising chain with an external
field h has a self-dual symmetry, mapping between the
ordered and disordered phases, expressed as HIsing ¼P

jðσxjσxjþ1 þ hσzjÞ ¼ h
P

jðsxjsxjþ1 þ h−1szjÞ, with the dual-
ity transformation sxj ¼

Q
k≤jσ

z
k, szj ¼ σxjσ

x
jþ1, and syj ¼

−iszjsxj [76]. Here both σ and s satisfy the same algebra.
Furthermore, the nonlocal SCF [59–61], characteri-
zing SPT order by the Z2 × Z2 symmetry in the cluster
Ising model [1] with Hamiltonian Hcluster ¼P

jðσxj−1σzjσxjþ1 þ hσzjÞ, can be written as a local correlator
ð−ÞrhsyjsyjþriG in the dual lattice of the Ising model [60,61].
Through the Jordan-Wigner transformation (also regarded
as a duality transformation using a bond-algebraic
approach [77]), the self-duality properties of a spin-1

2
model

can help to study topological phases and multipartite
entanglement in the extended Kitaev chain (1).
To detect a SPT phase with a positive integer winding

number ν ¼ n ≥ 2, we consider the duality transformation
of an extended Ising model H ¼ P

jðσxjσxjþn−1
Q

n−2
l¼1

σzjþl þ hσzjÞ ¼ h
P

jðŝxj ŝxjþn−1
Q

n−2
l¼1 ŝ

z
jþl þ h−1ŝzjÞ, corre-

sponding to an extended Kitaev chain with ν ¼ n − 1.

We can define the dual operator τðν¼nÞ
j ≡ ŝyj ¼ −iŝzjŝxj.

For a negative winding number, ν ¼ −n, we consider
another extended Ising model by transforming x → y:
H¼P

jðσyjσyjþn−1
Q

n−2
l¼1 σ

z
jþlþhσzjÞ ¼ h

P
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Q
n−2
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s̃zjþlþh−1s̃zjÞ and obtain the dual spin operator

τðν¼−nÞ
j ≡ s̃xj ¼ is̃zjs̃

y
j . The expressions of the dual spin

operators τðνÞj differ according to the parity of the winding
number ν [78]. Explicitly with p ≥ 1, we have [68] for even
winding numbers,

τðν�2pÞ
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and for odd winding numbers,

τðν¼�ð2pþ1ÞÞ
j ¼ σx;yj

�Yp
l¼1

σy;xjþ2l−1σ
x;y
jþ2l

�
: ð4Þ

The SCF [60,61] equals the spin correlation function from
site j to (jþ r) in the dual lattice:

CνðrÞ≡hτðνÞj τðνÞjþriG¼
� Yjþr−1

l¼j

�
σαl σ

α
lþjνj

Yjνj−1
k¼1

σzlþk

��
G

; ð5Þ

where α ¼ x (or y) for a positive (or negative) ν. It is clearer
to write the SCF, in terms of Majorana fermion operators
aj ¼ c†j þ cj and bj ¼ iðc†j − cjÞ, as

CνðrÞ¼
�Yjþr

l¼j

ð−iblalþνÞ
�

G

¼
�Yjþr

l¼j

ð1−2d†l;νdl;νÞ
�

G

; ð6Þ

where we define dl;ν ¼ ðbl þ ialþνÞ=2 and d†l;ν ¼ ðbl −
ialþνÞ=2 as Dirac fermion operators [72]. Therefore, the
SCF can also be regarded as the ground-state average
of Z type Majorana parity [78], and in particular, Δν ≡
limr→∞CνðrÞ and ΔðstÞ

ν ≡ limr→∞ð−ÞrCνðrÞ are the string
order parameters [59,61], capturing hidden SPT order.
The generators of the dual QFI density are defined in the

dual lattice as Oν ¼
P

M
j¼1 τ

ðνÞ
j , and OðstÞ

ν ¼ P
M
j¼1ð−ÞjτðνÞj ,

with M≡ L − jνj þ 1, where the choice of dual generators
depends on the sign of the direct interaction between the
Majorana fermions at chain ends [68,79]. The operator Oν

applies for the positive interaction, and the staggered

operator OðstÞ
ν is for the negative one. Then, we obtain

the dual QFI density of the ground state for L ≫ Nf ≥ 1

as fQ½Oν; jGi� ≃ 1þP
M−1
r¼1 CνðrÞ, and fQ½OðstÞ

ν ; jGi�≃
1þP

M−1
r¼1 ð−ÞrCνðrÞ, where we have used ðτðνÞj Þ2 ¼ I, with

I the identity. Using Wick’s theorem, the dual QFI density
can be expressed in terms of fermion correlators and may
be measured in many-body systems using experimentally
mature techniques, such as Bragg spectroscopy [80,81]
or neutron scattering [82].
The SCF has a similar scaling behavior in the topologi-

cally nontrivial phase with a higher winding number as the
spin correlator used in Ref. [52] (see, e.g., Ref. [68]). Thus,
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we find that the dual QFI density as a function of L
also follows an asymptotic power law scaling in the
thermodynamic limit as fQ½Oν; jGi� ¼ 1þ γνLλν , and

fQ½OðstÞ
ν ; jGi� ¼ 1þ γðstÞν LλðstÞν , where the scaling coeffi-

cients γ and λ depend on the choice of the dual generators
and the parameters of the Hamiltonian (1). For a topologi-
cal phase with a definite winding number ν, we could find

that λν or λðstÞν is equal to 1 (FQ ∝ L2), and the scaling

coefficients λω and λðstÞω for other integer winding numbers,
ω ≠ ν, are approximately zero (see, e.g., Fig. 2). Thus, the

scaling topological index λν or λ
ðstÞ
ν , relating directly to the

SCF, characterizes the features of the topological phase
with a winding number ν of the extended Kitaev model. In
Fig. 3, we consider four different types of extended Kitaev
chain models and plot the fitting scaling coefficients λν or

λðstÞν of the QFI density versus system size L up to 1200,
and also versus the chemical potential μ, which clearly
show the topological phase diagrams. Therefore, we con-
clude that by choosing the generators in different dual
lattices, the scaling behavior of the QFI density, a witness
of multipartite entanglement, can detect 1D SPT phase
transitions. In the topologically nontrivial phase with
integer winding number, the quadratic growth of the QFI
can also be broadly applicable to practical quantum
metrology [45–48,50,51]. The scaling coefficients of the
QFI density in phases with half-integer winding numbers
or on the critical boundary between two topological
phases would be complicated [52] and deserve further

investigations, of which more simulations and discussions
are given in Ref. [68].
Dual multipartite entanglement in the Kitaev honeycomb

model.—The Kitaev honeycomb model [62], on a hexago-
nal lattice with topological order at zero temperature,
has been widely investigated using a variety of quantum-
information methods [83–86]. The Hamiltonian is
HHC ¼ −

P
α¼x;y;zJα

P
hijiασ

α
i σ

α
j , where hijiα denotes the

nearest neighbor bonds in the α direction. We consider
positive bonds, Jx;y;z >0, and focus on the JxþJyþJz¼1

parametric plane. The phase diagram is shown in Fig. 4(a).
Here, through the two-leg spin ladder [57] of the Kitaev

honeycomb model, we find that the quantum phase with
hidden topological order can also be characterized by
dual multipartite entanglement. As shown in Fig. 4(b),
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we relabel all the sites along a special path and rewrite the
Hamiltonian with third-nearest-neighbor couplings [57]:
H2l¼−

P
L
j¼1ðJxσx2j−1σx2jþJyσ

y
2jσ

y
2jþ3þJzσ

z
2jσ

z
2jþ1Þ. With

the duality transformation šxj ¼
Qj

k¼1 σ
x
k, š

z
j ¼ σzjσ

z
jþ1, and

šyj ¼ −išzjšxj , we obtain an anisotropic XY spin chain with a
transverse field in the dual space

H2l ¼ −
XL
j¼1

ðJxšx2jšx2jþ2 þ JyWjš
y
2jš

y
2jþ2 þ Jzš

z
2jÞ; ð7Þ

where Wj ≡ šx2j−1š
z
2jþ1š

x
2jþ3 is the plaquette operator in

the dual lattice (a good quantum number [57]) and has
Wj ¼ −1 (π-flux phase [87]) for the ground state. Then,

with respect to the dual generator OðstÞ
x ¼ P

L
j¼1ð−Þjšx2j,

the QFI density is fQ½OðstÞ
x ; jGi�≡ 1þP

L−1
r¼1 ð−ÞrCxðrÞ≃

1þ γðstÞx LλðstÞx , where the staggered SCF is ð−ÞrCxðrÞ≡
ð−Þrhšx2jšx2jþ2riG ¼ ð−ÞrhQ2r

k¼1 σ
x
2jþkiG. The dual QFI

density is linear versus L in the gapped phase Ax
(Jx ≥ Jy þ Jz) and constant in other regions [see
Fig. 4(c)]. The other two gapped phases Ay and Az [see
Fig. 4(a)] can be obtained by the substitutions Jx → Jy;z →
Jz;y → Jx, respectively. Moreover, when considering the
equivalent brick-wall lattice [57] of the Kitaev honeycomb
model, these results can also be extended to the general 2D
lattice by transforming the second index of site to the
momentum space [57,68].
Conclusions.—Recent work [52] shows that 1D SPT

order with winding numbers ν ¼ �1 can be characterized
by a superextensive QFI with respect to the spin operator,
FQ ∝ L2. By introducing the above duality, we have shown
that 1D SPT order with higher winding numbers can be
characterized by the scaling behavior of multipartite
entanglement with respect to the spin generators in the
dual lattice. By choosing the generators in different dual

lattices, the scaling coefficients λν and λðstÞν of the dual QFI
density, as a witness of multipartite entanglement [43,44],
effectively identify different nontrivial topological phases
with high winding numbers. Moreover, further investiga-
tions on the Kitaev honeycomb model have shown that our
results for detecting 1D SPT order could be well general-
ized to characterize topological order in 2D systems (e.g.,
the toric code model [62] and fractional quantum Hall
states [88]) and SPT order in non-Hermitian systems [89].
This work paves the way to characterizing topological
phases using multipartite entanglement of the ground state,
and also the detection of topologically protected multipar-
tite entanglement, with promising applications in both
quantum computation and quantum metrology.
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