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a b s t r a c t
The complete band representations (BRs) have been constructed in the work of topological quantum
chemistry. Each BR is expressed by either a localized orbital at a Wyckoff site in real space, or by a set
of irreducible representations in momentum space. In this work, we define unconventional materials
with a common feature of the mismatch between average electronic centers and atomic positions.
They can be effectively diagnosed as whose occupied bands can be expressed as a sum of elementary
BRs (eBRs), but not a sum of atomic-orbital-induced BRs (aBRs). The existence of an essential BR at an
empty site is described by nonzero real-space invariants (RSIs). The ‘‘valence” states can be derived by
the aBR decomposition, and unconventional materials are supposed to have an uncompensated total ‘‘valence” state. The high-throughput screening for unconventional materials has been performed through
the first-principles calculations. We have discovered 423 unconventional compounds, including thermoelectronic materials, higher-order topological insulators, electrides, hydrogen storage materials, hydrogen evolution reaction electrocatalysts, electrodes, and superconductors. The diversity of these
interesting properties and applications would be widely studied in the future.
Ó 2022 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.

1. Introduction
For the past decade, topological insulators (TIs) and semimetals
have been intensively studied [1–16]. Many exotic physical properties are proposed in the topological materials, such as spinmomentum-locking Dirac-cone surface states, quantum anomalous Hall effect, Fermi-arc states, negative magnetoresistivity,
and chiral anomaly, which have attracted broad interest in condensed matter physics [12–17]. Recently, topological quantum
chemistry (TQC) [18,19] and related theories [20,21] provided a
general framework to diagnose whether the band structure of a
material is topological from irreducible representations (irreps)
at several high-symmetry k-points (HSKPs). If the irreps of a band
structure are the same as those of a band representation (BR) in
TQC, which is a space group representation formed by exponentially decayed symmetric orbitals in real space, representing a triv⇑ Corresponding authors.
E-mail addresses: mliu@iphy.ac.cn (M. Liu), hmweng@iphy.ac.cn (H. Weng),
wzj@iphy.ac.cn (Z. Wang).
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ial (atomic) insulator, then the band structure is consistent with
topologically trivial state; otherwise, it must be topological
(Fig. 1). However, among topologically trivial compounds, we have
overlooked a large amount of unconventional materials, whose
occupied bands can be decomposed as a sum of elementary BRs
(eBRs, i.e., generators of BRs), but not a sum of atomic-orbitalinduced BRs (aBRs). They possess the unconventional feature of
the mismatch between the average electronic centers and the
atomic positions (previously known as obstructed atomic limits
[8,18,22]). In fact, many interesting properties, such as low work
function, strong hydrogen affinity, and electrocatalysis, can be
expected in these unconventional materials.
In this work, we have performed the high-throughput screening
for unconventional materials in the materials database. We have
computed irreps at maximal HSKPs in density-functional theory
(DFT) calculations. The aBRs are generated from atomic configurations and positions in a crystal. Based on compatibility relations
(CRs) and BRs of the TQC, the BR decomposition of an unconventional material is solved to be a sum of eBRs, but not a sum of aBRs,
e.g., ‘‘aBRs + an essential BR” (Fig. 2). The essentiality of the BR is
described by nonzero RSIs on an empty site. One can derive the
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consistent calculations. For simplicity, we did not consider any
magnetic configurations in the calculations. Electron-phonon coupling calculations were performed in the framework of density
functional perturbation theory, as implemented in the QUANTUM
ESPRESSO package [28].
The general workflow of our high-throughput screening is given
in Fig. 1. First, we obtain the crystal structures of synthesized compounds in the materials database (i.e., atomic elements, Wyckoff
positions, and space group number). In TQC theory, a set of eBRs
are well defined for a certain space group, while the list of aBRs
is defined by atomic elements and positions in a crystal, generated
by a homemade program pos2aBR [8] (https://github.com/
zjwang11/UnconvMat/blob/master/src_pos2aBR.tar.gz). Then, the
electronic states at maximal HSKPs are obtained in DFT calculations and their irreps are assigned by the program IRVSP [29]
(https://github.com/zjwang11/irvsp/blob/master/src_irvsp_v2.tar.
gz). Since spin-orbit coupling is not included, the obtained irreps
are single-valued. Next, we check if these irreps can be decomposed into a sum of eBRs (eBR decomposition, http://tm.iphy.ac.
cn/UnconvMat.html). If yes, we further check if they are a sum of
aBRs (aBR decomposition, http://tm.iphy.ac.cn/UnconvMat.html).
When they are a sum of eBRs but not a sum of aBRs, we come
across an unconventional material. The full list of unconventional
materials in our searching is tabulated in the Supplementary
materials.

Fig. 1. (Color online) The workflow of high-throughput screening for
unconventional materials by solving eBR/aBR decomposition in the theory of TQC.
Some useful codes are released online (http://tm.iphy.ac.cn/UnconvMat.html).
Unconventional materials possess the common feature of the mismatch between
average electronic centers and atomic positions, where a diversity of interesting
properties are expected, such as low work function, strong hydrogen affinity,
electrocatalysis, etc.

3. Results and discussion
3.1. Basic concepts in the TQC
Fig. 2. (Color online) Schematic diagram of an unconventional compound AB. The
elements A and B sit at the a and b Wyckoff sites, respectively. (a) Energy ‘‘bands”
for the hypothetical structure with large (infinite) lattice constants (i.e., atomic
limit). Each set of flat bands is an aBR formed by atomic orbitals, e.g., A-s; A-p; B-s; Bp, etc. (b) Energy bands for the synthesized crystal (with experimental lattice
constants). The aBR decomposition for occupied bands is solved to be q02 @b þ q001 @c
(which is empty/hollow in the crystal).

The TQC theory tabulates the CRs for 230 space groups, and constructs a complete list of BRs. The CRs suggest that the symmetry
eigenvalues of a band structure rely on the irreps only at maximal
HSKPs. For a given space group, a certain orbital (irrep q; labelled
by the site-symmetry group) at a Wyckoff site (q) can form a bundle of energy bands in momentum space (labelled by a set of irreps
of k-little groups). The set of irreps is usually regarded as a BR of
q@q in the space group. The topologically trivial band structure
is a sum of eBRs. On the other hand, by matching the irreps of a
band structure with the BRs, one can infer that the band structure
belongs to a certain (elementary) BR (i.e., q0 @q0 ), which tells the
average charge center (q0 ) and the site-symmetry character (q0 ).
The BR analysis/decomposition can be widely used in materials
computation.

‘‘valence” states from the solved aBRs. The unconventional materials are supposed to be a group of materials with an uncompensated
total ‘‘valence” state. We find 423 unconventional compounds and
tabulate their detailed information in the Supplementary materials. A diversity of interesting properties have been discovered in
these compounds, including thermoelectric materials, higherorder TIs, electrides, solid-state hydrogen storage materials, hydrogen evolution reaction (HER) electrocatalysts, electrodes, and
superconductors.

3.1.1. The aBR decomposition
The electronic states of a compound originate from the BRs
induced by its atomic orbitals. In the hypothetical structure
(Fig. 2a), the ‘‘flat” bands are the original aBRs. After hybridization,
the reconstructed occupied bands of unconventional materials can
be a sum of eBRs, but not a sum of aBRs. After solving the aBR
decomposition (Fig. 3), the occupied bands of topologically trivial
insulators can be generally classified into two cases: (1) solved to
be a sum of aBRs, e.g., zinc-blende structure ZnO (conventional);
or (2) not a sum of aBRs, such as some aBRs + an essential BR for
Ca2As (unconventional). In the latter case, the essential BR tells
the average charge center (i.e., an empty site) and the sitesymmetry character of the ‘‘loose” electrons.

2. Calculation method
We swept through materials with the Inorganic Crystal Structure Database (ICSD) numbers on the atomly website (https://
atomly.net). The Vienna ab-initio simulation package (VASP)
[23,24] with the projector augmented wave method [25,26] based
on density functional theory was employed for the first-principles
calculations. The generalized gradient approximation of PerdewBurke-Ernzerhof type [27] was adopt for the exchangecorrelation potential. The cutoff energy of plane wave basis set
was set to be 125% ENMAX value in the pseudopotential file. A
C-centered grid with 30 k-points per 1/Å was used for self-
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centers of occupied electronic bands can not move away from
the empty site symmetrically without closing the band gap. The
essential BR at the empty site implies the disagreement between
average electronic centers and atomic positions.

3.2. Unconventional insulators
3.2.1. Intermetallic semiconductors
Firstly, in the searching results, there are many unconventional
semiconductors with only metallic elements, which are known as
intermetallic semiconductors in literatures [32–34]. Semiconducting substances form one of the most important families of functional materials. However, semiconductors containing only
metals are very rare. The chemical mechanisms behind their
ground-state properties are not fully understood. Our investigations into unconventional materials can reveal the semiconduction behaviour in the intermetallic compounds and provide
an effective way to search for them by computing the irreps at several HSKPs only.
We take Be5Pt and Na-hP4 as two representatives. Their band
structures are shown in Fig. 4a and b, where we can find there
are clear band gaps at EF . The list of aBRs is given in Table 2. With
the computed irreps, the aBRs decomposition of Be5Pt are solved
(i.e., E@4a þ T 2 @4a þ A1 @16e+A1 @4b) and given in the last column
(denoted by ‘‘yes”), suggesting that one Be(2)-s and five Pt-d orbitals are occupied. Thus, one can derive the valence state for each
Wyckoff atom, which is presented in the 5th column of Table 2.
The results of Na-hP4 are presented in Table 2 as well. The uncompensated valence state in total reveals that there is an essential BR,
i.e., A1 @4b for Be5Pt and A01 @2c for Na-hP4. In addition, some thermoelectric materials (Al2Ru, AlVFe2, etc.) are also unconventional
intermetallic semiconductors.
The hard X-ray photoelectron spectroscopy experiment [32] of
Be5Pt shows a complete filling of Pt-5d levels. The higher binding
energy of Be(1)-s than Be(2)-s reflects the difference of valence
states between Be(1) and Be(2). These facts are consistent with
the aBR analysis. The electrical resistivity measured on bulk samples shows a metal-like temperature dependence, while for the
microscale samples, it decreases monotonically with increasing
temperature, corresponding to a semiconducting behaviour
inferred from the band-structure calculations [32]. In Fig. 4c, the
in-gap surface states emerge in the slab calculation of Be5Pt, where
the (001) termination cuts through the empty site of the essential
BR. We conjecture that its flatness at low temperatures in microscale samples and the semimetallic behaviour in bulk samples

Fig. 3. (Color online) Band structures of (a) conventional ZnO and (b) unconventional Ca2As compounds. The aBR decompositions for occupied bands are presented
in the figure.

3.1.2. ‘‘Valence” states from the aBR decomposition
In both cases, one can derive atomic ‘‘valence” states from the
solved aBRs of the crystal. Hereafter, valence states in this work
are referred to the TQC ‘‘valence” states based on the aBR decomposition. The irreps for the occupied bands of ZnO are obtained
at four HSKPs in the Supplementary materials. The aBR decomposition is solved to be E@4a + T 2 @4a + T 2 @4d (denoted by ‘‘Yes” in
the last column of Table 1), corresponding to Zn d and O px;y;z orbitals, respectively. Considering the atomic configurations of Zn and
O, one can conclude that their valence states are Zn2+ and O2.
Thus, the insulator ZnO has a compensated total valence state.
However, in Ca2As, the aBR decomposition for its occupied bands
is A1 @4e þ E@4e þ A1g @2b. Hereafter, the BR colored in blue indicates the essential BR at an empty site. The A1 @4e and E@4e aBRs
correspond to As pz and px;y orbitals. The valence states are derived
to be Ca2+ and As3. The uncompensated total valence state (+1)
implies that it is unconventional, which is consistent with the electride nature [8,30].
3.1.3. The essential BR and real-space indicators
The essential BR of an empty site can be described by the RSIs,
which are local quantum numbers at a Wyckoff site protected by
its site-symmetry group (isomorphic to point-group symmetry).
The RSIs were introduced to characterize the topological fragile
phases and determine the number of gap closings under the specific twisted boundary conditions in 2D [31]. Here we generalize the
concept of the RSIs to all Wyckoff sites in 230 space groups, especially for maximum Wyckoff sites. The essentiality of the BR for an
unconventional insulator is described by the non-zero RSIs on an
empty site.
In the atomic limit of an unconventional insulator (hypothetical
structure; Fig. 2a), the RSI is zero on the empty site, while it
becomes nonzero in the synthesized crystal (Fig. 2b). The charge

Table 1

The aBRs, BR decompositions and valence states are obtained for F 43m
zinc-blende ZnO and I4=mmm Ca2As.
Atom

F 43m
ZnO

Zn

O
I4=mmm Ca2As

a

WKS(q)

Symm.

4a


43m

4d

States
Zn

2+

IrrepsðqÞ

Conf.
2

4s 3d


43m

O2

2p4

3

As

4e

4mm

As

4p3

Ca(1)
Ca(2)

4e
4c

4mm
mmm

Ca2+
Ca2+

4s2
4s2

Occ.a

s

: A1

A1 @4a

:E
: T2
: T2

E@4a
T 2 @4a
T 2 @4d

Yes
Yes
Yes

pz
px;y
s
s

: A1
:E
: A1
: Ag

A1 @4e
E@4e
A1 @4e
Ag @4c

Yes
Yes

A1g @2b

Yes

The last column of the table denotes whether the aBR can be decomposed from the occupied energy bands.
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Fig. 4. (Color online) Band structures of intermetallic semiconductors (a) Be5Pt and (b) Na-hP4, where the essential BRs are indicated. (c) Ingap surface states in the slab
calculation of Be5Pt. The projected bulk band structure is shown in gray (shaded area).

Table 2
The aBRs, BR decompositions and valence states for the unconventional intermetallic semiconductors.


F 43m
Be5Pt

aBRs(q@q)

WKS(q)

Symm.

States

Conf.

Pt

4a


43m

Pt0

6s1 5d

s

: A1

A1 @4a

4d
16e


43m
3m

2s2
2s2

dz2 ;x2
dxy;xz;yz
s
s

:E
: T2
: A1
: A1

E@4a
T 2 @4a
A1 @4d
A1 @16e

Yes

A1 @4b

Yes

Be(1)
Be(2)

P63 =mmc Na-hP4

Irreps(q)

Atom

Na(1)
Na(2)

2a
2d


3m

62m

2+

Be
Be0

Na1+
Na1+

9

3s1
3s1

s
s

: A1g

A1g @2a

: A01

A01 @2d
A01 @2c

Occ.

Yes
Yes

Yes

Ru/Ga2Ru, In3Ru/Ga3Ir, and TiFe2Sn/AlVFe2/VGaFe2 (i.e., Heusler
compounds XY2Z with 24 valence electrons), which were previously known as thermoelectronic materials [34–40]. The band
structures of Al2Ru, In3Ru and TiFe2Sn are shown in Fig. 5. The
aBR decompositions for occupied bands of these materials are
solved. The results in Table 3 indicate that the essential BR is
Ag @16d for Al2Ru/Ga2Ru, Ag @2b for In3Ru, and Ag @24d for TiFe2Sn/AlVFe2/VGaFe2. Thermoelectric properties, superparamagnetism and negative giant magnetoresistance have been widely
studied in these Heusler compounds XY2Z with 24 valence electrons [39,41–43].
As we know, the thermoelectric efficiency of materials at temperature T is characterized through the figure of merit given by
the relation zT ¼ S2 rT=j, where S is the thermoelectric or Seebeck
coefficient, r is the electronic conductivity and j is the thermal
conductivity. The essential BRs of the unconventional materials
suggest that surface states can emerge and conduct electricity
when the surface cuts through the empty sites. The in-gap surface
states are obtained in the (001)-slab calculation of Al2Ru in Fig. 5d.
The insulating bulk states suggest that thermal conductivity due to
bulk carries is weak. But the electronic conductivity due to the
grain boundaries is substantial. These properties are beneficial to
the
thermoelectric
efficiency
of
these
unconventional
semiconductors.

Fig. 5. (Color online) Band structures of thermoelectric materials. (a) Al2Ru has the
essential BR of Ag @16d. (b) In3Ru has the essential BR of Ag @2b. (c) TiFe2Sn has the
essential BR of Ag @24d. (d) Surface states in the slab calculation of Al2Ru. The
projected bulk band structure is shown in gray (shaded area).

are contributed to the existence of surface states on the grain
boundaries.

3.2.3. Higher-order topological insulators
Thirdly, the nonmetal materials used to be known as covalent
compounds. As the common covalent state has the average charge
center located on X  X bonds, the covalent compounds would fit

3.2.2. Thermoelectric materials
Secondly, many unconventional semiconductors are formed by
transition metals and Group 13–15 (p-block) elements, such as Al2-
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Table 3
 TiFe2Sn/AlVFe2.
The aBRs, BR decompositions and valence states for Fddd Al2Ru, P42 =mnm In3Ru, Fm3m
Atom
Fddd Al2Ru

P42 =mnm In3Ru

Symm.

Al

16f

2

Ru

8b

222

Ru

In

In

 TiFe2Sn (AlVFe2)
Fm3m

WKS(q)

Fe

Sn
(Al)
Ti

4f

4c

States

mm2

2=m

8j

m

8c


43m

4b


m3m

4a


m3m

(V)

2

3s 3p

1

Ru2+

5s1 4d

7

Al

Ru0

In1

In1+

Fe

2+

Irreps(q)

Conf.

1+

1

5s 4d

7

5s2 5p1

5s2 5p1

7

3d 4s

1

Sn4+
(Al3+)
Ti4+

5s2 5p2
(3s2 3p1 )

(V5+)

(4s1 3d )

4s1 3d

3
4

aBRs(q@q)

Occ.

s
pz
px =py
s

:A
:A
:B
:A

A@16f
A@16f
B@16f
A@8b

Yes

dz2 =dx2
dxy
dyz
dxz

:A
:B1
:B3
:B2

A@8b
B1 @8b
B3 @8b
B2 @8b

Yes
Yes
Yes

Ag @16d

Yes

s

: A1

A1 @4f

dx2
dz2
dxy
dyz
dxz
s
pz
px
py
s
px
py
pz

: A1
: A1
: A2
: B2
: B1
: Ag
: Au
: Bu
: Bu

A1 @4f
A1 @4f
A2 @4f
B2 @4f
B1 @4f
Ag @4c
Au @4c
Bu @4c
Bu @4c

: A0
: A0
: A0
: A00

A0 @8j
A0 @8j
A0 @8j
A00 @8j

Yes

Ag @2b

Yes

s

: A1

A1 @8c

dz2 ;x2
dxy;xz;yz
s
px;y;z
s

:E
: T2
: A1g
: T 1u
: A1g

E@8c
T 2 @8c
A1g @4b
T 1u @4b
A1g @4a

dz2 ;x2

: Eg

Eg @4a

dxy;xz;yz

: T 2g

T 2g @4a
Ag @24d

Yes
Yes
Yes
Yes
Yes
Yes

Yes

Yes

Fig. 6. (Color online) Band structures of (a) diamond, (b) graphene and (c) b-antimonene. The essential BRs are shown by blue bands. In graphene, the mz-even (-odd) bands
are plotted in solid (dashed) lines.

order TIs in 3D and 2nd-order TIs in 2D are topologically trivial
(witout particle-hole symmetry). However, they are proved to present a filling anomaly: a mismatch between the number of electrons in a symmetric geometry and the number of electrons
required for charge neutrality [47]. For example, the 3D crystals
of diamond (or silicon) have sp3 hybridization and the occupied

the definition of unconventional materials as well. Since they are
well-known and studied, we exclude these compounds without
any metal elements in our high-throughput screening for
simplicity.
Here, some semiconducting covalent elements can be regarded
as higher-order TIs in literature [44–46]. Strictly speaking, The 3rd-
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bands belong to the BR of 16c sites, corresponding to four C  C
bond centers (Fig. 6a). In this sense, they can be regarded as a
3rd-order TI in 3D, while the two-dimensional graphene can be
regarded as a 2nd-order TI in the mz -even subspace (i.e., s; px ; py

contain many functional materials, such as electrides, solid-state
hydrogen storage materials, and HER electrocatalysts.
3.3.1. Electrides
An electride is usually defined as an ionic crystal with excess
electrons confined in particular vacancies, which is an excellent
example of unconventional metals [8,53]. To achieve an electride,
it is empirically known that three criteria should be satisfied:
excess electrons, lattice vacancies, and suitable electronegativity
of the elements. By the definition, the electrides are consistent
with unconventional materials. They have an essential BR, which
is not induced by any atomic orbitals in the crystal, but formed
by the electrons at the vacancies. Therefore, there are many electride candidates picked out by our high-throughput screening for
unconventional materials, like Ca2N and Ca2As. Additionally, as
we did in Refs. [8,53], the electrides (i.e., Y2C, LaCl, Li12Mg3Si4
and C12A7) with relatively complicated band structures are also
diagnosed by the aBR decomposition. The calculated band structures and partial electron density (PED) are shown in Fig. 8.
The previous search for electrides is done mainly by analyzing
charge density around EF , where electron localization function
(ELF) analysis has proved to be effective. However, the symmetry
analysis is lacking. By analyzing the symmetry eigenvalues (or
irreps) alone at several HSKPs in first-principles calculations, the
BR analysis of TQC theory leads to the clear understanding of three
characteristics of electrides as discussed in Ref. [8]. First, the floating bands are induced from the BRs of vacancies, indicating that
their average charge densities are located at the vacancies in real
space. Second, due to the loose confinement, the floating bands
are usually close to the EF , which is very likely to induce the band
inversion and nontrivial band topology. Third, the excess anionic
electrons in vacancies present a strong hydrogen affinity. The
absorption of hydrogen usually moves those floating bands far
below EF and lowers the total energy (stabilizing the lattice). A significant amount of hydrogen is found experimentally in the crystals of Lanthanum monochloride [54] and Ca5P3 crystals [55].
Note that an unconventional material is necessary but not sufficient for an electride. For safety, one may need to compute the
charge distribution to confirm electride nature in the selected
unconventional materials.

orbitals). The sp2 hybridization in graphene can be understood by
the BR of 3f sites, corresponding to three C  C bond centers in a
unit cell. Note that pz orbital belongs to the mz -odd subspace,
shown as dashed bands in Fig. 6b. In a broad sense, the 7  7 reconstruction on Si-(111) surface could be related to the unconventional nature of silicon due to the presence of substantial charge
on the terminations.
Recently, the graphene-like buckled structure (b-phase) of Sb
was found to have the best stability [48]. The Sb monolayer (bantimonene) has been successfully exfoliated using micromechanical technology [49], and has been synthesized on various substrates via van der Waals epitaxial growth [50]. The band
structure of b-antimonene is obtained in Fig. 6c. The aBR decomposition is solved to be A1 @2d + Ag @3e (Table 4). The Sb atoms are

located at 2d site of space group P 3m1
(No. 164), while the 3e sites
of the essential BR are the centers of Sb–Sb bonds. In terms of
charge fractionalization and polarization, it corresponds to the
ð6Þ

h3c primitive generator class in Benalcazar et al.’s notation in Ref.

ð3Þ

[47,51,52]. In a strict way, the primitive generator would be h3c
 layer group. It implies that
after generalizing their notations to 3
there is no net dipole in the plane and the corner charge fractionalization will be e=2 in each p=6 sector in the spinless case and e in
the spinful case. We note that even though it is the inversion that
protects the edge states, hosting corner states at all corners require
the presence of the S6 ð IC 3 ) symmetry operation and a hexagonshaped island.

3.3. Unconventional metals
Then, we can generalize the concept of unconventional insulators into unconventional ‘‘neat” metals. A ‘‘neat” metallic compound is supposed to have an overall band gap shadowed about/
above EF in Fig. 7. We classify them into three classes. In class I,
e.g., VGaFe2 in Fig. 7a, there is a direct energy gap in the band
structure, while there is no global gap in the entire Brillouin zone.
In class II, e.g., Ca2N in Fig. 7b, it is metallic due to the odd total
number of electrons. However there would be a gap with one more
electron. In class III, e.g., Y2C in Fig. 7c, there is an overall band gap
except some k-point; namely, there can be a band inversion.
Unconventional metals are well defined as long as a set of ‘‘occupied” bands are defined in the metallic compounds. The occupied states are defined by simply counting energy bands at
HSKPs in class I and class II. For complicated metals of class III,
one has to work a little bit to get the set of ‘‘occupied” bands at
HSKPs by solving CRs. We need to eliminate the band inversion
via switching irreps by hand. The results of unconventional metals

3.3.2. Solid-state hydrogen storage materials
We found some unconventional metal alloys, LiAl/LiB [56,57],
which are well-known solid-state hydrogen storage materials.
When the hydrogen molecule comes in contact with the surface
of solid-state hydrogen storage materials, it dissociates into two
hydrogen atoms which diffuse in the solid and form a chemical
bond with the solid material (i.e., metal hydrides). The crystals of
 (No. 227). The eight valence elecLiAl have the structure of Fd3m
trons (two formulas per unit cell) form the bands of the BR
A1g @16d (which is empty). Hydrogen forms metal hydrides with
some metals and alloys, leading to solid state storage under moderate temperature and pressure that gives them important safety
advantages over the gaseous and liquid storage methods. Hence,
metal hydride storage is a safe, volume-efficient storage method
for on-board vehicle applications.
Then, we also check the unconventional metal TiFe of class III by
hand [58,59]. In its band structure of Fig. 9c, there is an overall
band gap except two band inverted HSKPs, i.e., X and M. After
removing the band inversions (exchanging the irreps denoted by
triangles and circles), the ‘‘occupied” bands are solved to be
A1g @1b + T 2g @1a +A1g @3d. It can be seen clearly that the bands of
the essential BR appear around EF . By absorbing the hydrogen

Table 4

The aBRs, BR decomposition and valence states for P3m1
b-antimonene.
Atom

WKS
(q)

Symm.

States

Conf.

Sb

2d

3m

Sb3+

5s2 5p3

Irreps(q)
s
pz
px ; py

: A1
: A1
:E

aBRs
(q@q)

Occ.

A1 @2d
A1 @2d
E@2d

Yes

Ag @3e

Yes
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(b)

(c)

Fig. 7. (Color online) Three classes of unconventional ‘‘neat” metals, where there is almost a direct band gap (indicated by shaded area) about/above EF . (a) VGaFe2 of class I:
there is a direct energy gap in the band structure, while there is no global gap for the entire Brillouin zone. (b) Ca2N of class II: it is metallic due to the odd total number of
electrons. However there would be a gap with one more electron. (c) Y2C of class III: there is an overall band gap except some k-point; namely, there can be a band inversion,
denoted by a circle and a triangle.

(a)

(c)

Fig. 8. (Color online) (a–c) Band structures of the electrides: Ca2N, LaCl, and C12A7, respectively. (d–f) The calculated PED of the blue-colored bands for Ca2N, LaCl, and C12A7,
respectively, with the dashed blue circles marked the essential site (adapted from Ref. [8]).

clean-energy technologies [60,61]. The pyrite structure-type transition metal dichalcogenides (MX 2 , where M = Fe, Co, or Ni and
X = S or Se) have emerged as an interesting family of low-cost
materials with high catalyticactivity toward the HER [62]. We
believe that these maximum electron distributions offset from
the atomic positions benefit to catalyze electrochemical reaction,
such as HERs and negative electrodes for Li-ion batteries [63,64].
Additionally, the aBR decomposition for the skutterudite-type
CoP3 compound suggests that it is unconventional with band
inversion. From the plotted band structure in Fig. 10c, one can find
that the band inversion happens between low-energy states at C,

atoms on 3d site, the energy bands of the essential BR decrease dramatically as shown in Fig. 9d.
3.3.3. Electrocatalysts and electrodes
The orthogonal NiP and cubic NiP2 compounds are found to be
unconventional metals. The essential BR is solved to be Ag @4a for
NiP and A1g @4b for NiP2. The band structure of cubic NiP2 is presented in Fig. 10. To show that the electronic centers are not
located at the atoms, the ELF is plotted for NiP2 in Fig. 10b. On
the other hand, the HER, which generates molecular hydrogen
through the electrochemical reduction of water, underpins many
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proved to be a promising negative electrode for Li- and Na-ion batteries [67].
3.3.4. Superconductors
The compound Zr5Sb3 is experimentally found to be the first
superconductor in the large family of compounds with Mn5Si3type structure (No. 193) [68], which is believed to be superconducting due to the electron-phonon coupling. The superconducting
transition temperature (T c ) is estimated using Allen-Dynes modified McMillian equation [69,70],

Tc ¼

xlog
1:2kB


exp


1:04ð1 þ kÞ
;
kð1  0:62l Þ  l

ð1Þ

where kB is the Boltzmann constant, l is the effective screened
Coulomb repulsion constant, typically  0.1, k ¼ Rqv kqv
R1
2 xÞ
¼ 2 0 dx a Fð
is electron-phonon coupling constant, and xlog is
x
logarithmic average phonon frequency. With l = 0.10 and
k = 0.53, T c of Zr5Sb3 is estimated to be 2.2 K, which is consistent
to the experimental value ( 2.3 K) [68]. The phonon spectrum of
Zr5Sb3 is shown in Fig. 11a. The contributions of k mainly come
from the phonon modes of 50 cm1< x < 150 cm1. Among these
phonon modes, we find that the low-frequency B1u phonon mode at
C has higher kqv than others. As shown in Fig. 11b, the B1u phonon
mode is an in-plane vibration mode of Zr(2) atoms, which form triangles in z ¼ 0:25c and z ¼ 0:75c planes.

Fig. 9. (Color online) Band structures of (a) LiAl and (c) TiFe. Panels (b) and (d)
present the band structures after absorbing hydrogen atoms at the empty sites.

denoted by a circle and a triangle, respectively. The electrochemical reaction of lithium with the CoP3 compound has been studied
in Refs. [65]. Co1x NixP3 exhibits much better electronic properties
for obtaining high energy density supercapacitors [66] and NiP3 is

4

Fig. 10. (Color online) Band structures of (a) NiP2 and (c) CoP3. (b) The ELF plot of NiP2.

F
c
b

a

Fig. 11. (Color online) (a) Phonon spectrum, Eliashberg spectral functions a2 FðxÞ, and the frequency-dependent coupling kðxÞ. The electron–phonon couplings kqv are
represented by magenta circles. (b) Side view of the crystal structure of Zr5Sb3. The planes of z = 0.25 c and z = 0.75 c are marked by dash lines. The phonon vibration mode of
B1u is indicated by the arrows, i.e., compression of the triangle in z = 0.25 c plane and expansion of the triangle in z = 0.75 c plane. The calculated PED of bands of the energy
range 0.0 to 0.3 eV is shown and coincides with the B1u phonon mode. (c) The band structure of Zr5Sb3. The BR decomposition is solved for the lower 38 energy bands in red.
The essential BR is A01 @2a.
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In conclusion, we demonstrate that the analysis of irreps and
BRs in TQC theory provides an effective way to identify the origin
of the energy bands from their symmetry eigenvalues (or irreps)
alone. The aBR decomposition is efficient to diagnose the mismatch
between the average electronic charge centers and the atomic
positions in unconventional materials. The essential BR of an
empty symmetry site can be described by the nonzero RSIs. It is
worth noting that not all unconventional materials can be found
by this symmetry-based method (aBR decomposition), especially
for those with electronic charge centered on the non-maximal
Wyckoff positions. Like topological insulators with zero
symmetry-based indicators, there are still some unconventional
materials with zero RSIs (a sum of aBRs), which need to be
explored in future. The presence of the electronic distribution away
from nuclei gives rise to a diversity of interesting properties and
applications, such as thermoelectronic materials, higher-order
TIs, electrides, hydrogen storage materials, HER electrocatalysts,
etc. These interesting properties in unconventional materials
would draw broad interest in the future.
Note: During the refereeing stages of this work, we found some
works with similar topic appear [73–75].

Table 5
Atomic positions, valence states and aBRs of 38 energy bands in P63 =mcm Zr5Sb3.
Atom

WKS
(q)

Symm.

States

Conf.

Zr(1)

4d

32

Zr2

5s1 4d

Zr(2)

Sb

6g

6g

mm2

mm2

Zr4+

Sb3

Irreps(q)

aBRs
(q@q)

Occ.
Yes

3

s

:A1

A1 @4d

3

dz2
dxz ; dyz
dx2 ; dxy
s

:A1
:E
:E
:A1

A1 @4d
E@4d
E@4d
A1 @4d

dz2
dx2
dxy
dyz
dxz
s
pz
py
px

:A1
:A1
:A2
:B2
:B1
:A1
:A1
:B2
:B1

A1 @6g
A1 @6g
A2 @6g
B2 @6g
B1 @6g
A1 @6g
A1 @6g
B2 @6g
B1 @6g

Yes
Yes
Yes
Yes

A01 @2a

Yes

5s1 4d

5s2 5p3

Yes

In our calculations, the aBR decomposition of Zr5Sb3 superconductor suggests that it is a complicated unconventional metallic
material. Its band structure is presented in Fig. 11c. One can find
that there is an overall band gap between the red-colored bands
(corresponding to 76 electrons) and higher energy bands, while
two band inversions happen between the bands denoted by circles
and triangles at K and M points, respectively. The aBR decomposition is solved to be A1 @4d þ E@4d þ 2A1 @6g þ B1 @6gþ
B2 @6g+A01 @2a (Table 5). The center of the essential BR is 2a site,
being the center of the Zr(2) triangle. The energy bands of the
essential BR are denoted by black dots, which are located energetically near EF . The PED of the bands near EF is shown in Fig. 11b,
which is consistent with the essential BR. Surprisingly, the electronic distribution of the low-energy states (i.e., the essential BR)
coincides with the B1u phonon mode. It gives rise to strong interaction (higher kqv ), which contributes mainly to the superconductivity in Zr5Sb3.
Additionally, the authors of Ref. [71] introduced a BR sitting on
an empty 1b site (an essential BR) in the minimum tight-binding
model in the parent compound NdNiO2 of Ni-based superconductors, prepared by removing an apical O atom in NdNiO3. The 1b site
was sat by the apical O atom in the precursor. On the other hand,
using DFT calculations, the stoichiometric NdNiO2 is found to be
significantly unstable. Instead, they argue that the H impurity
can be expected to be present in NdNiO2 in Ref. [72]. A detailed
aBR decomposition for energy bands of NdNiO2 is given in the Supplementary materials. It clearly shows that the essential BR of
A1g @1b is around EF and could be shifted downwards significantly
by absorbing H atom at 1b site. Like the elctrides [54,55], some H
impurities should benefit to stabilize the crystal structure, and it
would be hard to remove them completely during the preparation.
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