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Deep Variational Free Energy Calculation of Hydrogen Hugoniot
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We develop a deep variational free energy framework to compute the equation of state of hydrogen in the
warm dense matter region. This method parameterizes the variational density matrix of hydrogen nuclei
and electrons at finite temperature using three deep generative models: a normalizing flow model for the
Boltzmann distribution of the classical nuclei, an autoregressive transformer for the distribution of electrons
in excited states, and a permutational equivariant flow model for the unitary backflow transformation of
electron coordinates in Hartree-Fock states. By jointly optimizing the three neural networks to minimize the
variational free energy, we obtain the equation of state and related thermodynamic properties of dense
hydrogen for the temperature range where electrons occupy excited states. We compare our results with
other theoretical and experimental results on the deuterium Hugoniot curve, aiming to resolve existing
discrepancies. Our results bridge the gap between the results obtained by path-integral Monte Carlo
calculations at high temperature and ground-state electronic methods at low temperature, thus providing a
valuable benchmark for hydrogen in the warm dense matter region.
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Introduction—Hydrogen is the most abundant element in
the universe. A full understanding of the hydrogen phase
diagram under extreme conditions [1,2] is important for
many applications ranging from planetary science [3-6] to
inertial confinement fusion [7-9]. In particular, in the warm
dense matter (WDM) region [10-14], hydrogen undergoes
the molecular-to-atomic transition [15,16], approaches
metallization [17], and exhibits a delicate interplay of
quantum and thermal effects in dense plasmas [18,19].
A thorough understanding of this regime is crucial for
accurately modeling hydrogen-rich giant planets (such as
Jupiter), and for optimizing inertial-confinement-fusion
implosions, whose efficiency hinges on the chosen com-
pression pathway.

The Hugoniot curve [20], obtained by tracing the locus
of shock-compressed states during dynamic loading of
hydrogen, offers a crucial experimental benchmark for
constraining hydrogen’s equation of state (EOS) in the
WDM region. Experimental studies commonly focus
on the deuterium Hugoniot curve because deuterium’s
higher mass density facilitates both the attainment and
accurate diagnosis of extreme shock-compressed states [1].
Landmark experiments using gas guns [21-24], lasers
[25-34], explosions [35-38], and pulsed power facilities
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[39-44] have measured the deuterium Hugoniot up to
megabar pressures, revealing anomalies such as unexpect-
edly high compressibility near 50 GPa. These results have
not been fully agreed upon [2,45], and have sparked
debates over dissociation mechanisms and electronic struc-
ture changes, yet experimental data remain sparse at higher
temperatures due to diagnostic challenges.

Complementary theoretical approaches have been
employed to tackle the deuterium Hugoniot curve chal-
lenge, including path-integral Monte Carlo (PIMC)
[46-53], coupled electron-ion Monte Carlo (CEIMC)
[54,55], density functional theory (DFT) [56—64], machine
learning based methods [65,66], and various alternative
techniques [18,67-72]. Databases such as SESAME [3]
and FPEOS [73] compile EOS data generated by different
methods, providing standardized references for both
experimental and computational studies. Nevertheless,
these collective efforts remain insufficient. For example,
restricted PIMC (RPIMC) may suffer from uncontrolled
fixed-node error at low temperatures and high density
[47], while CEIMC treats electrons in the ground state,
thus may become unreliable at finite temperatures
[54,55]. To date, there is still a lack of reliable quantum
many-body calculations that can provide consistent
predictions across the whole temperature range of the
Hugoniot curve. Within the framework of quantum many-
body methods, the handshake between finite-temperature
and ground-state electronic calculations along the
Hugoniot curve remains to be established.

© 2026 American Physical Society
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In this Letter, we combine the deep variational free
energy method [74,75], previously applied to ground-state
dense hydrogen, with the neural canonical transformation
approach [76,77] to compute the excited-state deuterium
equation of state and its Hugoniot curve in the temperature
regime where electrons occupy excited states, in order
to achieve the handshake for the deuterium Hugoniot
curve from the finite-temperature side. This regime is
particularly challenging for existing methods: ground-
state approaches become unreliable when thermal electron
excitations are significant, while PIMC methods encoun-
ter the fermion sign problem at lower temperatures.
We aim to elucidate the phase behavior and provide a
reliable EOS for deuterium to serve as a benchmark for
future shock experiments and astrophysical modeling.
The source code, raw data, and network checkpoints
are openly available in the GitHub repositories [78,79]
and HuggingFace repository [80].

Method—Consider a system of N deuterium atoms in a
periodic cubic cell of side length L = (42N/3)'3r,ay,
where r is the dimensionless Wigner-Seitz parameter and
ay is the Bohr radius; the Hamiltonian reads,

=S
Z +Z|s,—sJ|

1<J

Z Ir; —51|

i,I=1

(1)

i<j

where s ={s|,...,sy} and r={r,...,ry} denote the
coordinates of the nuclei and electrons, respectively.
Within the temperature range relevant to deuterium
Hugoniot experiments (approximately 10°-10° K), the
nuclei can be treated as classical particles. Therefore,
whether the nuclei are protons or deuterons only affects
the entropy of classical nuclei [74]. We focus on deuterium
in the following discussion to benchmark with experimen-
tal and other computational results. The electrons need to
be treated as quantum degenerate at finite temperature since
the temperature remains below their Fermi temperature
(~10° K), but a nonnegligible fraction would occupy
excited states when the temperature exceeds 10* K [55].
To properly account for the finite-temperature effects on
both nuclei and electrons, we search for variational density
matrix of the following form:

— [ aspl)3pli)

In Eq. (2), p(s) represents the nuclear Boltzmann distri-
bution, and the index k is used to label the (in principle
complete) set of electronic basis states under given
nuclear coordinates s. p(k|s) represents the electronic
excitation distribution in these states and W, (r) are the

s,k> <S, lPs,kl' (2)

corresponding wave functions. The variational free energy
Flp] = (1/8)Tr(pnp) + Tr(pH) of the system then reads,

F= E {;lnp(s)—l— [E)[;lnp(k|s)

s~p(s) k~p(kls
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where the first two terms are related to the nuclear and
electronic entropy, respectively. The last term is the internal
energy of the system.

By parametrizing the nuclear Boltzmann distribution
p(s), electronic excitation distribution p(kls), and electron
wave function ¥, (r) by three generative models, one can
then minimize Eq. (3) to obtain thermodynamic properties
of the system. All three generative models employed in this
calculation have tractable normalization factors, which is
crucial for estimating the entropy term in the variational
free energy. A major difference between Eq. (3) and the
ground-state variational free energy expression employed
in Refs. [74,75] is that the present approach incorporates
both electronic ground and excited states to account for
thermal effects on electrons in the WDM region. The
computational graph of the variational free energy method
is shown in Fig. 1.

The Boltzmann distribution p(s) of the nuclei is repre-
sented by a flow model, which involves a bijective map
between the real coordinates s and a set of uniformly
distributed “collective” coordinates §. The corresponding

probability density reads,
1 o¢
det 4
@ e

p(s) = v

s ——4 Flow p(s)
nuclei nuclei distribution
r—i\/Flow — &
electron
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—
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FIG. 1. Computational graph for the finite electron temperature
variational free energy calculation. The model consists of three
trainable components: a normalizing flow [Eq. (4)] for the
nucleus Boltzmann distribution p(s) in the blue part; a variational
autoregressive network [Eqgs. (6), (7a), and (7b)] for the electron
excitation distribution p(k|s) in the red part; and a quantum flow
for the electron wave functions W, (r) shown in Eq. (5) in the
purple part. We jointly optimize the three neural networks to
minimize the variational free energy F in Eq. (3).
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To model a complete set of electronic basis states |¥ ;)
under given nuclear coordinates s, we adopt the idea of
neural canonical transformation proposed in Refs. [76,77].
Specifically, we unitarily transform the set of Hartree-Fock
(HF) Slater determinant states by applying an s-dependent
bijective map r <> € to the electron coordinates. The HF
states are computed using a batched HF solver on GTH-
DZV basis set, which is sufficient for temperatures up to
62500 K in this Letter. The resulting many-body wave

function reads,
OE\ |}
det{ —=||. (5

In this context, the state index k = {kT, ...,k]t,/z,kf,

ki, /2} is naturally labeled by N occupied HF single-particle
orbitals ;- (€7), where o€ {1, |} denotes the electron
spin. Equation (5) is similar in spirit to the backflow
transformation, and the transformed coordinates & can be
physically understood as quasiparticles. The difference lies
in the additional Jacobian determinant factor in Eq. (5),
which, however, is crucial to ensure the orthonormality of
the new basis states [76,77,81-84]. Compared to ground-
state neural wave functions [74,75,85], the Jastrow factor
cannot be added to our wave functions since it would
break the orthogonality. We parametrize the two bijective
maps s < §,r <> & mentioned above using neural net-
works similar to the FermiNet architecture [86]. In
particular, we employ permutation-equivariant layers to
ensure the symmetry (antisymmetry) property of p(s)
(W x) under permutation of nuclei (electrons with the
same spin); see Supplemental Material [87] for details
(see also Refs. [88-98] therein).

The electron distribution p(k|s) on the single-particle
orbitals is modeled using a masked variational autoregres-
sive network (VAN) [77,99]. For a given nuclear configu-
ration s, the HF solver provides M orthonormal single-
particle orbitals {y, ;|1 <k <M} with corresponding
energy levels {e;;|1 <k < M}. The occupation of these
orbitals by N/2 spin-up and N/2 spin-down electrons
must satisfy the Pauli exclusion principle. As a result, the
distribution p(kls) factorizes into two components for the
spin-up and spin-down sectors

W, i (r) = det [‘l’s.kf (Ej)} det [l//s,k[i (‘5})}

p(kls) = p(k'[s)p(k*|k".s). (6)

We employ a mask in VAN to enforce an ordering in
which electrons occupy orbitals from lowest to highest
energy, ie., 1 <kj <kj<---<kf,<M. The corre-
sponding probability is expressed as a product of condi-
tional probabilities

N2

pltls) =] kK], ... kL.s). (7a)

i=1

N/2
pUetit.s) = [[ p(kf |k ...k ke s). (7b)
i=1

In order to feed the information of nuclear configuration
s into the autoregressive model, we give the analytical
conditional probability of noninteracting fermions on HF
energy levels into the logit bias of VAN. This makes VAN
start with the noninteracting electron distribution, and then
learn the interaction effects via the following training. This
step is an efficient alternative to the pretraining step in
Ref. [77]. See Supplemental Material [87] for details of the
masked autoregressive model.

The training curve of the variational free energy method
is shown in Fig. 2. The starting point of the training curve is
the pretrained flow model based on the HF potential energy
surface, combined with the untrained VAN and electron
backflow network. The pretraining process is discussed in
Supplemental Material [87]. During the training process,
the three neural networks are jointly optimized to minimize
the free energy defined in Eq. (3) via stochastic optimiza-
tion. At each optimization step, nucleus and electron
configurations are sampled via Monte Carlo sampling from
the distributions p(s) and |¥ ;(r)|?, while the energy level
configurations k are drawn from p(k|s) via direct sampling.
The variational free energy is then estimated by computing
the expectation values over these samples, as specified
in Eq. (3), and the network parameters are updated via
stochastic reconfiguration [100]. Due to the variational
principle, the approximation becomes closer to the ground
truth as the free energy is minimized. To obtain the equation
of state of deuterium, we perform variational free energy
optimization under different densities and temperatures.
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FIG. 2. Training curve of variational free energy method
for N =32, T=31250 K, r, =2 deuterium system, with a
10-epoch moving average. The red line in the main figure shows
the variational free energy F per atom and the error bar (red-filled
area) during training. The red lines in the set insets show the
internal energy E per atom and the pressure P change. The brown
lines are the PBC N = 32 results from RPIMC [47], and the filled
areas denote the error bars.
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TABLE L
number of atoms in the system. 7 is the temperature in Kelvin unit. E, P, and S, are the internal energy (in Rydberg unit), pressure
(in GPa), and electronic entropy (in kg unit) per atom, respectively. The subscripts denote the corresponding ry values. prygoniots
Eugoniot> and Prygonior are the Hugoniot density (in units of initial density py = 0.171 g/ cm?), internal energy (in Rydberg unit), and
pressure (in GPa), respectively.

The equation of state and Hugoniot results of deuterium system calculated by variational free energy method. N is the

ry =1.86 rg =72
N T E P Se E P Se pHugoniot/pO EHugoniot PHugoniot
54 10000 —0.9669(18) 65.95(71) 0.0220(4) —0.9675(13) 45.48(49) 0.0271(4) 4.495(15) —0.9671(12) 57.34(33)
32 10000 —0.9726(6) 62.85(34) 0.0549(2) —0.9778(6)  43.03(28) 0.07003(3) 4.5225(90) —0.9746(4)  55.11(13)
32 15625 -0.9050(5) 86.27(33) 0.1600(4) —0.9077(17) 60.54(51) 0.1751(4) 4.4730(64) —0.9062(8)  74.89(24)
32 31250 -0.7105(6) 155.12(33) 0.4389(5) —0.7089(5) 115.50(26) 0.4794(5) 4.3481(36) —0.7096(4) 132.43(12)
32 62500 -0.2939(37) 302.0(13) 0.8353(6) —0.2892(7) 233.89(28) 0.8890(6) 4.2438(23) —0.2906(12) 255.58(37)

After the optimization has reached convergence, we carry
out inference to evaluate various thermodynamic observ-
ables such as the entropy of nuclei and electrons, pressure,
and internal energy.

Result—To study the EOS of the deuterium system,
we perform calculations on systems containing 14, 20, 32,
and 54 atoms. All calculations are carried out using twist
boundary conditions (TBC), with the Baldereschi point
(1/4,1/4,1/4) as the mean-value point. We also apply
Chiesa’s finite-size correction [101,102] to reduce finite-
size errors. See Supplemental Material [87] for details.
Table I presents results for systems with N = 32 and 54
atoms at various r,; and temperatures. As shown in Table I,
the electronic entropy is close to zero at 10000 K,
indicating that most electrons remain in the ground state.
As the temperature increases, electrons are gradually
thermally excited to higher energy levels. We can also
see this intuitively in Fig. 3(a), which shows the electron
occupation of single-particle orbitals. At 10000 K, the
electron occupation closely resembles that of the ground
state (the dashed black line). As temperature rises, electrons
increasingly occupy higher energy levels, leading to a
broader distribution. This Fermi-Dirac-like distribution of

LoF | —— 62500k ()] 1O (b)
0sl | 31250K o8k
o | 15625K :
206} | —— 10000K 06k
& - Ground State %
8 04r 0.4 —— 62500K
o 31250K
0.2 02 15625K
—— 10000K
0.0 N 1 M 0.0 | 1 1
-2 0 2 4 0 2 4
Energy level E; (Ry) Distance r (Bohr)
FIG. 3. Electron distribution on single-particle orbitals and

nucleus-nucleus RDF of N =32, r; =2 deuterium system at
several temperatures. (a) Electron occupation of single-particle
orbitals. E; are Hartree-Fock energy levels of these orbitals. The
dashed black line is ground-state occupation as reference.
(b) Nucleus-nucleus RDF.

electrons at finite temperature is captured by VAN. The
discontinuous jumps in the occupation at certain energy
levels arise from the learning of the neural canonical
transformation. After the transformation in Eq. (5), the
notions of single-particle orbitals and energy levels are no
longer well-defined for the many-body wave function.
Instead, the VAN determines whether to occupy these
transformed orbitals based on their contribution to lowering
the system’s free energy, irrespective of their original
Hartree-Fock energy levels. The entropy and occupation
results indicate that thermal effects on electrons must be
taken into account when the temperature is above 10 000 K.
The nucleus-nucleus radial distribution function (RDF)
g(r) is shown in Fig. 3(b). At 62500 K, ¢(r) is smooth
without any prominent peak, indicating a fully dissociated
atomic fluid phase. As the temperature decreases, a peak
corresponding to the formation of deuterium molecules
gradually emerges. This marks the beginning of the tran-
sition from the atomic phase to the molecular phase [65].
The formation of the molecular peak in RDF can be verified
by previous variational density matrix calculation [18].
We compute the deuterium Hugoniot curve using the
equation of state and the Rankine-Hugoniot relation [103]

H:E—E0+%(P+P0)(Q—QO):O. 8)

The reference state used in this Letter is py = 0.171 g/cm?,
Ey = —15.886 eV, and P, = 0 GPa, which is the same as
that adopted in Ref. [47]. The deuterium Hugoniot curve
is typically located in the range r, = 1.86 to r, =2 for
temperatures between 10 000 and 62 500 K. We select four
representative temperatures for the calculations. At each
temperature, the EOS points are computed at r, = 1.86 and
ry = 2. The Hugoniot density and corresponding pressure
are then obtained via Lagrange interpolation, as summa-
rized in Table I. The interpolated Hugoniot curve for
the N =32 and N = 54 deuterium system is shown in
Fig. 4. The yellow star denotes the result at 10 000 K for the
N = 54 system, which corresponds to the regime where
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Experiment:
250 1 Z-machine (Ref. 44)
Laser (Ref. 33)

Ab Initio Calculation:
200 F — DET (Ref. 61)
—-—- FT-DFT (Ref. 44)
Vv PIMC (Ref. 50)
-8~ RPIMC (Ref. 47)
150 %+ CEIMC (Ref. 54)
H{ CEIMC (Ref. 55)
-@F Present N32
s% Present N54

Pressure P (GPa)

50

3.0 3.5 4.0 4.5 5.0
/o

FIG. 4. Pressure-compression ratio diagram of Hugoniot ex-
periments and computations. The red symbols are Lagrange
interpolation of variational free energy results of N = 32 system,
the yellow star is the result at 10 000 K for the N = 54 system.
The experimental and theoretical results are from Z-machine [44],
laser [33], DFT molecular dynamics (DFT) [61], DFT with finite-
temperature XC functionals (FT-DFT) [44], direct PIMC [50],
RPIMC [47], and CEIMC [54,55].

finite-size effects are expected to be most pronounced,
as shell effects are particularly strong at low temperatures.
This computationally expensive calculation is included to
benchmark the magnitude of finite-size effects in our Letter.
Our results are consistent with the available experimental
data [33,44]. As shown in Fig. 4, at low temperatures, our
Hugoniot compression ratio p/p is slightly higher than the
DFT results, significantly higher than those from RPIMC
[47], and substantially lower than the CEIMC results [54].
With increasing temperature, our results show good agree-
ment with RPIMC. It should be noted that the PIMC
method suffers from the fermion sign problem [104,105]
at low temperatures and small r,, where electron-electron
interactions become strong. Moreover, the RPIMC method
relies on the fixed-node approximation, which can intro-
duce systematic errors and requires additional effort to
determine appropriate nodal surfaces. In contrast, the
variational free energy method employed here is free from
the fermion sign problem and does not impose any
restricted approximations on the electronic degrees of
freedom. The computational procedure remains the same
across different temperatures and values of r.
Conclusion—In this Letter, we further develop the
variational free energy method using three generative
neural networks to parameterize the density matrix of
the warm dense deuterium system. By optimizing the
variational free energy with respect to three neural net-
works, we calculate the EOS and Hugoniot curve of
deuterium within the temperature range where electrons

are slightly excited (10 000-62 500 K). We focus on this
temperature regime to bridge the gap from the finite-
temperature side, as existing ground-state methods become
unreliable when thermal electron excitations are significant,
while PIMC methods suffer from the fermion sign problem
at lower temperatures. The advantage of the variational free
energy method compared to PIMC is that there is no
exponential computational complexity caused by the fer-
mion sign problem, and it can directly compute entropy
and free energy. Compared to CEIMC, the variational free
energy method effectively accounts for finite-temperature
effects on electrons, which is critical for studying WDM.
Moreover, the variational principle ensures its reliability.
The resulting Hugoniot curve, computed with TBC and
analytical finite-size corrections for systems up to 54
atoms, shows good agreement with experimental measure-
ments, connects smoothly with PIMC results at high
temperatures, and extends into the low-temperature regime
where PIMC suffers from the fermion sign problem,
thereby achieving the handshake between ground-
state and finite-temperature calculations from the finite-
temperature side. In conclusion, our results provide the
EOS and Hugoniot curve of deuterium for benchmarking
future experiments and theoretical methods. We note that
recent advances in PIMC methods [106—113] may further
verify our results.
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