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Anderson localization is a quantum phenomenon in which disorder localizes electronic wave functions.
In this work, we propose a new approach to study Anderson localization based on the density matrix
formalism. Drawing an analogy to the standard transfer matrix method, we extract the localization length
from the modular density matrix in quasi-one-dimensional systems. This approach successfully captures
the metal-insulator transition in the three-dimensional Anderson model and in the two-dimensional
Anderson model with spin-orbit coupling. It can be also readily extended to multi-orbital systems. We
further generalize the formalism to interacting systems, showing that the one-dimensional spinless
attractive model exhibits the expected metallic phase, consistent with previous studies. More importantly,
we demonstrate the existence of a two-dimensional metallic tendency in the presence of Hubbard
interactions and disorder. This method offers a new perspective on Anderson localization and its interplay

with interactions.
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I. INTRODUCTION

In real materials, the presence of disorder or imperfec-
tions is inevitable which can strongly influence their
physical properties. Depending on its strength, disorder
can either serve merely as a small perturbation that slightly
alters transport properties, or can play a decisive role in
reshaping the ground state of a system [1-4]. So it is
a central ingredient in understanding the -electronic,
optical, and magnetic responses of condensed matter
systems. An iconic example of disorder-induced phenom-
ena is Anderson localization [5], introduced by P. W.
Anderson in 1958 [6]. Anderson localization is a funda-
mental quantum phenomenon in which disorder prevents
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electronic wave functions from spreading through the
system, leading to the absence of diffusion.

The Anderson localization theory has been extremely
successful over the past sixty years, providing a deep
understanding of how disorder alone can localize electronic
states and suppress transport [2,4]. A wide range of
powerful methods have been developed to study this
phenomenon, including scaling theory [7—10], perturbation
theory [3,11-13], disorder numerical methods [4,14—17],
and field-theoretical approaches [18,19]. On the other hand,
the interplay between interaction and disorder remains far
less understood. While interactions can fundamentally alter
localization by giving rise to phenomena such as many-
body localization or correlated insulating phases, a com-
prehensive theoretical framework that unifies disorder and
interaction effects is still an open challenge in condensed
matter physics [20]. In this work, we introduce a different
perspective on Anderson localization based on the density
matrix formalism. We find that this formalism is applicable
to both noninteracting and interacting systems.

In general, the essential distinction between a localized
state and an extended state lies in the nature of their wave
functions [1,2,4]. In a translationally invariant metal,
electronic states are well described by extended Bloch
waves, which remain delocalized across the entire system,
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FIG. 1. Schematic diagrams of wave function localization and

finite-size scaling in disordered systems. (a),(b) Schematic of the
real-space distribution of the extended and localized wave
function, respectively. The extended state exhibits undamped
oscillations with finite mean free path /, whereas the localized
state decays exponentially as e=*/¢. (c) The quasi-1D system of
width M and length L, o and f are the site indices in the slice i
and j, respectively. x represents the distance between slice i and j.
(d),(e) Schematic of the finite-size scaling law of the dimensio-
naless ratio &,;/M, which increases with M for the extended
states and decreases with M for the localized states.

even in the presence of scattering from a random potential,
with a finite mean free path /, as illustrated in Fig. 1(a). In
contrast, when disorder becomes sufficiently strong, the
wave function can transition to a localized form, where its
amplitude decays exponentially away from some spatial
point as e~/¢, as illustrated in Fig. 1(b). Here, £ denotes the
localization length, characterizing the spatial extent of the
localized state.

Numerical simulations have played a crucial role in
advancing the theory of Anderson localization, particularly
through finite-size scaling analysis [5]. While extracting
true thermodynamic quantities directly from finite-size
systems is challenging, scaling behavior offers valuable
insights into localization phenomena [8-10]. A prime
example is the remarkable success of the single-parameter
scaling approach applied to the conductance g(L) of a
system with linear size L [7]. This framework established
the foundational result that Anderson localization is espe-
cially significant in dimensions <2 [7].

The same spirit is further generalized to the transfer
matrix method (TMM) [14,21,22]. TMM is based on the
fact that all one-dimensional (1D) systems are localized in
the presence of disorder [7]. In TMM, the Schrodinger
equation for a quasi-1D system of width M and length L is

reformulated as a recursive propagation along the longi-
tudinal direction, as shown in Fig. 1(c). The asymptotic
growth of the total transfer matrix over length L defines the
finite-width localization length &);, determined from the
smallest positive Lyapunov exponent [14,21,22]. Additional
details on the TMM can be found in Appendix A 1. Finite-
size scaling is then carried out using the dimensionless ratio
Ay = Ey /M [14,21-23], analyzed as a function of disorder
strength W. As illustrated in Figs. 1(d)-1(e), &), generally
decreases with increasing W. However, the scaling of Ay,
with M reveals two distinct behaviors: if A, increases with
M, the system flows to an extended (metallic) phase in
the thermodynamic limit [see Fig. 1(d)], whereas a decreas-
ing A, with M signals a localized (insulating) phase [see
Fig. 1(e)]. We will use this idea repeatedly in our following
discussion. In this paper, for clarity we denote the localiza-
tion length of quasi-1D systems as &,;, with M the system
width, and omit the subscript for purely 1D systems, writing
it simply a &.

Besides TMM, a variety of other important approaches
have been developed to investigate Anderson localization.
These include the coherent potential approximation (CPA)
[15,24], typical medium theory (TMT) [16], and its cluster
extension, the typical medium dynamical cluster approxi-
mation (TMDCA) [17], as well as the localization criterion
on the sensitivity to boundary conditions [25], perturbation
theory [2,3], the nonlinear ¢ model [18,26-28], and the
self-consistent theory of localization [29]. Numerical and
statistical approaches such as exact diagonalization (ED)
[30], the inverse participation ratio (IPR) [28,31-33],
energy-level statistics [33-36], multifractal analysis
[37-39], and entanglement entropy [40-46] have also
provided valuable insights, while Wannier function analy-
sis [47-50] offers an alternative perspective on localization
phenomena. All these methods lead to a comprehensive
understanding of Anderson localization [5].

On the other hand, the density matrix is a powerful
formalism in quantum mechanics and quantum statistical
mechanics [51]. Mathematically, the density matrix enc-
odes all measurable information about a system, enabling
the calculation of probabilities and correlations. In many-
body physics and condensed matter theory, the density
matrix plays a central role in understanding transport
properties, entanglement structure, and quantum statistical
mechanics. Its versatility makes it an indispensable tool
across fields ranging from quantum information to strongly
correlated electron systems [52,53]. It is natural to ask
whether the density matrix can also reveal information
about localization. As discussed above, the TMM extracts
localization through the localization length &,,. Thus, the
central question we aim to address in this work is how
the localization length can be directly obtained from the
density matrix.

The paper is organized as follows. In Sec. II, we present
the one-particle density matrix approach for noninteracting
disorder systems via the modular density matrix. Then, we
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benchmark it against the TMM for both the 3D Anderson
model (Sec. II A) and the 2D spin-orbit coupled Anderson
model (Sec. II B), finding exact agreement in both locali-
zation lengths and critical disorder values. Section IIC
extends the method to a multi-orbital setting and benchmarks
it against TMDCA. In Sec. III, we generalize the modular
density matrix to interacting systems through the many-body
subtraction density matrix, verifying its consistency in the 1D
spinless interacting fermion model (Sec. III B). More impor-
tantly, in Sec. III C we uncover a correlated metallic tendency
in the 2D Anderson-Hubbard model at n =4/15. The
summary and outlook are given in Sec. I'V.

II. NONINTERACTING SYSTEM

In this section, we focus on the Anderson localization
problem in non-interacting systems. To illustrate our
approach more clearly, we begin with simple, intuitive
examples by considering a one-dimensional chain. An
extended state with momentum k can be written as |y;) =
S, e®ici|vac) while a localized state may be represented

as |y;) = 3, e™/éc]|vac), where the normalization fac-
tors are omitted for simplicity. From these states, the one-

particle density matrix can be evaluated through p(x) =
(y|cicyly) between site 0 and site at x. Then, we have

e®™  extended

s m

localized.

Thus, for localized wave functions, the density matrix
naturally contains the information about the localization
length £&.

Building on this observation and the scaling philosophy
of the TMM, we propose a generalized modular density
matrix (MDM) method to extract the localization length in
quasi-1D systems. The overall procedure is illustrated
in Fig. 2. As an example, we consider the quasi-1D

single-orbital Anderson model described by the spinless
fermion Hamiltonian

H=—t z Cj-’acj,/;’ + Zei,ani,av (2)

((1.).(7.1)) (i)

where ¢t denotes the nearest-neighbor hopping amplitude
and ¢, , is the on-site random potential, uniformly distrib-
uted within [-W,W]. i and j index slices along the
longitudinal direction, and «, f# denote internal site index
within a slice, as illustrated in Fig. 1(c).

We first describe the computational workflow in the
simplest case of a purely 1D chain, where each slice
contains a single site (i.e., a =f =1). We begin by
generating N, disorder realizations of such 1D chains with
length L [Fig. 2(a)]. Each sample is diagonalized to obtain
eigenenergies E, and eigenstates |y,,) (n = 1,2, ..., L). For
each sample, we select the single-particle eigenstate |y, £, )
(s labeling the index of a disorder realization) whose energy
is closest to the Fermi level E, as illustrated in Fig. 2(b).
Since only this eigenstate is needed, Lanczos-based sparse
diagonalization [54,55] can be used to efficiently extract it.

For quasi-1D systems with internal degrees of freedom
(a, ) within each slice, it follows the same computational
procedure to obtain |y £.) as illustrated above for the 1D
case. From these states, we define the general MDM in the
quasi-1D case as

N,
1 5 T
PZ’/}(X) = NZ Z Wk lCiaCivaplse, ) (3)
s=1 i
where A is a normalization factor and plys(x) denotes the

(@, p)-th matrix element of p™ (x). The dimension of p™ (x)
corresponds to the total number of sites per slice. To extract
the slowest decaying channel of p™(x), we further define

7(x) = Ao [P ()™ (%)) (4)

(@) — — (b) E, (€ pae W=at
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FIG. 2. Computational workflow for extracting the localization length from the MDM in one-dimensional noninteracting systems.
(a) Schematic of different disorder samples with hopping energy ¢ and on-site random potential ¢;. For each disorder sample, the single-
particle eigenstate with the energy level E,, nearest to the Fermi energy E is chosen to calculate p™ (x), as illustrated in (b). (c) y(x) as a
function of x for the systems with disorder strength W = 2¢, which exhibits exact exponential decay with a localization length £ = 6.08.
Panel (c) is calculated by averaging 500 disorder realizations of length L = 120 under periodic boundary condition at Ep = 0.
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where Ay, [-] denotes the largest eigenvalue of the
Hermitian matrix p™"(x)p™(x). In the simplest case of a
1D single-orbital chain, the MDM reduces to a scalar with
y(x) = |p™(x)|>. The symmetrization guarantees that y(x)
is real and positive, eliminating ambiguities from complex
phases.

Physically, y(x) represents the slowest decaying mode of
p"(x), directly analogous to the smallest positive Lyapunov
exponent in TMM [14,21,22]. A detailed discussion of
the connection between the MDM approach and the TMM
framework is provided in Appendix A. After averaging
over slices and disorder realizations, y(x) exhibits the
expected exponential decay, y(x) = Ae™/¢, from which
the localization length £ can be directly extracted. An
example for a 1D noninteracting chain with W = 2¢ is
shown in Fig. 2(c), where ¢ is determined to be 6.08.
Numerically, all localization lengths & for systems with
fixed width reported in this work have been verified to be
converged with the length of the studied systems, as
discussed in the Appendix. B 4.

The term “modular” in MDM highlights that the modu-
lus of the one-particle density matrix is used as the basic
building block, while averaging over sites and disorder
realizations guarantees the statistical stability. Taking the
modulus is crucial because a localized wave function
generally consists of an exponential decaying envelope
multiplied by a rapidly varying random phase factor, which
can be written as y(x) = f(x)e~*=%l/¢ Here, f(x) encodes
the information of random prefactors. Correspondingly, the
density matrix without modulus is p(xg, x) = w*(xo)y(x) =
F*(x0)f (x)e~=%l/¢ which also carries the randomly vary-
ing factor f*(xq) f(x); as aconsequence, even after averaging
over sites and disorder realizations, the decaying mode still
exhibits pronounced oscillations and randomness, thereby
obscuring the intrinsic exponentially decaying mode. The
modular operation eliminates these random phase fluctua-
tions and therefore exposes a clean decay mode governed by
& as e~/¢, yielding a numerically robust estimator of the
localization length. A more detailed analysis and explicit
comparisons between the results of the modular and non-
modular density matrices are provided in Appendix C 1.

A. MIT in a 3D Anderson model

To benchmark our method, we start to apply the MDM
approach to the standard 3D Anderson model. This model
is defined on a cubic lattice with nearest-neighbor hopping
and on-site random potential, taking the same quasi-1D
Hamiltonian form as in Eq. (2). It is well established that
the system undergoes a metal-insulator transition (MIT)
at a critical disorder strength W_ = 8¢~ 8.5t for Ep =0
[23,39,56,57], and also exhibits an energy-dependent
mobility edge [58—61].

We first focus on the case Er = 0 by tuning the disorder
strength W. As shown in Fig. 3(a), the localization length

can be extracted from y(x) and analyzed using finite-size
scaling within the MDM framework. Two distinct regimes
are clearly observed: for W < W, = 8.31, the ratio &,,/M
increases with system width M, signaling extended states;
whereas for W > W, ~8.3t, &,;/M decreases with M,
indicating localized states. This distinct behavior is the
hallmark of MIT. For comparison, we also perform the
TMM calculation, shown in Fig. 3(e). Remarkably,
the value of localization lengths &, and the critical disorder
strength W obtained from MDM are in excellent agree-
ment with those from TMM.

Another characteristic feature of the Anderson model is
the presence of a mobility edge, which separates extended
and localized states depending on energy [58,59]. To
capture this, we vary Er at a fixed disorder strength W.
The results from MDM for the 3D Anderson model at W =
6t are shown in Fig. 3(b). Again, two distinct scaling
regimes appear: states near the band center (small Er)
remain extended, while those near the band edges (large
Er) become localized. This behavior is also consistent with
the TMM results presented in Fig. 3(f).

We can now determine the phase diagram of the 3D
Anderson model [23,39,56,57,60,61], as shown in Fig. 3(c).
At W = 0, the tight-binding band edge lies at 6¢, separating
the metallic phase from the fully gapped region. As disorder
strength W increases, the band edges broaden as expected
[1], forming the upper boundary indicated by the black dotted
line in Fig. 3(c). The black dots are obtained from the
stabilized values of the largest eigenenergy averaged over 50
disorder realizations on lattices of size L¢ with L = 100.
Between the metallic region and the gapped region lies the
Anderson insulating phase, which has a finite density of states
at Er but remains insulating due to localization. The phase
boundary separating the metallic and Anderson insulating
phases is obtained independently from both MDM and TMM,
with the two methods showing nearly identical results. Hence,
our method offers a robust and precise characterization of the
3D Anderson model throughout the entire phase space.
Additional finite-size scaling results and analysis of the 3D
Anderson model, can be found in Appendix B 1. To extract
the critical exponents at the metal—insulator transition and
further validate the accuracy of the MDM method, we also
carry out a detailed data collapse analysis for the 3D Anderson
model in Appendix B 3, obtaining results consistent with
previous works [23,56,57].

B. MIT in spinful 2D Anderson model with SOC

According to the single-parameter g(L) scaling theory, all
states in a two-dimensional (2D) disordered system are
localized [7]. This conclusion, however, is contingent on
the system belonging to the orthogonal symmetry class [62].
In the presence of spin-orbit coupling (SOC), spin-rotation
symmetry is broken while time-reversal symmetry is pre-
served, which fundamentally alters the system’s classifica-
tion by moving it into the symplectic class [18,28,62-64].
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FIG. 3. Comparison of localization length scaling between MDM and TMM. (a)—(b) Finite-size scaling of &,/ M obtained from MDM

for the 3D Anderson model at E = 0 as a function of W (a) and at a fixed disorder strength W = 6¢ as a function of E (b). (e)—(f) The
corresponding results from the TMM. Black dashed lines mark the metal-insulator transition points. (c),(g) The phase diagrams of the
3D Anderson model and the spinful 2D Anderson model with SOC from both methods, respectively. (d),(h) Finite-size scaling of &,/ M
for the spinful 2D Anderson model with SOC at E = 0 from MDM and TMM, respectively. Each &,,/M data point from the MDM is
obtained by averaging the localization lengths over 5 independent batches of 3000 disorder realizations of size M%~! x L with L = 300
for the 3D Anderson model and L = 500 for the 2D Anderson model with SOC (d is the dimension of the considered model), while in
TMM each data point is obtained from quasi-1D systems of length L = 3 x 10° by averaging over 5 disorder realizations. The etror bars
are the standard errors of the mean across the 5 independent values. In (c) and (g), the black dotted lines indicate the energy spectral
boundaries, determined as stable values of the largest eigenenergy averaged over 50 disorder realizations of size L¢ with L = 100.

The key physical manifestation of this symmetry change is
weak antilocalization (WAL), where destructive quantum
interference between time-reversed paths suppresses back-
scattering [63]. Because this effect counteracts localization, a
2D system in the symplectic class can undergo an Anderson
metal-insulator transition, a phenomenon forbidden in the
standard orthogonal case.

Given the distinctive localization behavior induced by
SOC, we revisit the Anderson metal-insulator transition in a
2D system with SOC using the MDM framework. In
particular, we focus on the SU(2) model proposed in
Ref. [65], which describes a spinful Anderson system on
a square lattice with both random on-site potentials and
random SOC. In the quasi-1D system of size M x L, the
Hamiltonian of the 2D SU(2) model can be written as

2 D R acting

((i.@).(j.p)) @

+ Z Z €ialliac:
(i) ©

HSOC ==

Here, i, j are the slice indices and the «, f are the site
indices within a slice following the same convention as that
in Eq. (2). The additional ingredient is the spin degree of
freedom labeled by o,06’€{?,|}. Accordingly, in the
spinful case, the MDM in Eq. (3) is extended to include
the spin indices, such that its elements are written as

p(rfg,ﬁo‘l (x)’ COITCSpOIldil’lg to |<WS,EF |Cj.a,aci+x,ﬂ,oj |l//s,Ep>|
averaged over disorder realizations (s) and slices (i). The
on-site disorder ¢; , is uniformly distributed in [-W, W] and
the random 2 x 2 unitary matrices R?i(.;(;);(j, p) Tepresent the

SOC terms on nearest-neighbor bonds (see Ref. [65] and
Appendix B2 for the definition). This model preserves
time-reversal symmetry but breaks spin-rotation symmetry
due to SOC, placing the model in the symplectic univer-
sality class.

Figure 3(g) shows the phase diagram of the SU(2) model
obtained from both MDM and TMM. There are also three
different phases: metal, Anderson insulator, and gap
phases. Same as the results for the 3D Anderson model
presented in the previous subsection, the metal-insulator
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phase boundary determined by MDM coincides with that
from TMM. We also explore the scaling of &,,/M at
Er = 0, displayed in Fig. 3(d). For disorder strength below
W, = 3.1¢t, the system remains delocalized, while for W >
W, = 3.1t it becomes localized. The corresponding TMM
results, shown in Fig. 3(h), exhibit the same trend. In
contrast, the 2D orthogonal case does not exhibit a metal—
insulator transition, as discussed in the Appendix B 2.
Together, these findings confirm that the MDM framework
provides an accurate and robust description even in systems
with spin degree of freedom and complex hopping terms,
thereby establishing its applicability to Anderson transi-
tions across different symmetry classes. Additional finite-
size scaling results of the 2D Anderson model with SOC
can be found in Appendix B 2, and a data collapse analysis
can be found in Appendix B 3, where the extracted critical
values are consistent with previous works [65,66].

C. MIT in multi-orbital systems

Beyond the single-orbital limit discussed above, realistic
materials inevitably involve multi-orbital physics. With
several orbitals near the Fermi level, interorbital hybridi-
zation and nonlocal disorder effects naturally arise. It is
therefore essential to establish that our method can accu-
rately capture the localization transition in such multi-
orbital settings. Demonstrating this capability not only
validates the robustness of our approach but also opens the
path toward its integration with first-principles electronic
structure methods, enabling realistic investigations of dis-
order-driven localization in complex materials. In this
section, we benchmark MDM against TMDCA in multi-
orbital models. TMDCA [17] is a cluster extension of TMT
[16], which generalizes the widely used CPA [15,24] by
replacing the arithmetic average of the local density of
states (LDOS) in CPA with its geometric average. The
resulting average density of states approximates the typical
value of the LDOS, denoted as TDOS, which can serve as
an order parameter for the Anderson localization transition
[37,67-72].

Specifically, we consider a two-orbital Anderson model
studied in Ref. [69], defined on a cubic lattice with intra-
orbital binary disorder. The Hamiltonian of this two-orbital
model (H7() in the quasi-1D system of length L and width
M can be written as

2 2
Hro = — Z Z t"”cza’”cj’ﬂ,y + Z Z ell'l’”ni""”'
wv=1{((i,a),(j.p)) u=1 (i.a)

(6)

Here, p,v € {1, 2} denote the orbital degree of freedom, the
hopping amplitudes #* include both intra-orbital (1 = v)
and interorbital (4 # v) terms. The on-site disorder e’lf , acts
only within each orbital channel and follows a binary
distribution P(€,) = 168(€f, — Wy) +168(€f, — Wg), so

ia i,a

(a) (b) x10-2

—F m=8 —— Nc = 64
—F m=10 — Nc=2}6
10+ -+ m=12
2.50
[92)
3 2
3 =
51 1.25
0= T T T |‘- 0.00 T T T T T
-10 -5 0 5 10 -10 -5 0 5 10
Ep/t Ep/t

FIG. 4. Comparison of results from MDM and TMDCA for the
two-orbital 3D Anderson model at a fix disorder strength of
W = 5¢. (a) Finite-size scaling of &,;/M obtained from MDM
with system size M%! x L x 2 (L = 300). Each data point is
obtained by averaging the localization lengths over 5 independent
batches of 3000 disorder realizations. The error bars are the
standard errors of the mean across the 5 batch-averaged values.
(b) TDOS obtained from TMDCA with cluster sizes N, = 216
(black) and N, = 64 (red). Model parameters are t'! = 1?2 = ¢,
2 = 21 = 03¢, and W, = —Wjp = 5t. Vertical dashed lines in
both panels mark the phase boundary between localized and
extended states.

that each orbital independently takes the value of random
potential as W, or Wjp with equal probability. For the
MDM, similar to the case of the spinful Anderson model,
the matrix elements of p” (x) for the multi-orbital Anderson
model need to carry the additional orbital degree of
freedom as pjy 4, (), ensuring that both spatial and orbital
degrees of freedom are retained.

Compared to the single-orbital Anderson model with a
uniform box distribution, this two-orbital model exhibits a
distinct phase diagram [69]. The binary distribution of
disorder sharpens the separation between extended and
localized states, while inter-orbital hopping broadens the
effective bandwidth and shifts the mobility edge to higher
disorder strengths. As the disorder strength increases, both
states near the band center and the band edges begin to
localize.

To benchmark our approach, we focus on the scaling of
the localization length extracted from MDM at a fixed
disorder strength of W, = —Wp = 5¢, while scanning the
Fermi energy Ey. The scaling results in Fig. 4(a) show that
at this disorder strength, the two-orbital model hosts two
particle-hole symmetric metallic regions bounded by finite
critical energies, separated by a localized phase around the
band center. Thus, there are two pairs of phase boundaries,
(£Er.q1, £Ery), separating metallic and insulating states.
This behavior is reflected in the scaling of &,,/M, which
increases with width M in the metallic phase and decreases
in the localized phase. The corresponding TMDCA results
in Fig. 4(b) shows finite (vanishing) TDOS in the same
metallic (localized) regions as that in Fig. 4(a), which
serves as the order parameter for the Anderson localization.
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The agreement between the two methods is excellent, with
nearly identical phase boundaries at Ep. ~ +1.8¢ and
Er. =~ £10.5¢, as indicated by the vertical dashed lines
in Fig. 4. This demonstrates that MDM faithfully repro-
duces the unique mobility-edge structure of this multi-
orbital system. Importantly, it also suggests that the MDM
framework can be extended beyond toy models to realistic
multi-orbital materials, where orbital complexity plays a
crucial role.

Generalizations of localization theory to realistic materi-
als have already been successfully implemented in frame-
works such as the TMT [16] and TMDCA [70], both of
which can be seamlessly combined with dynamical mean-
field theory (DMFT) for strongly correlated systems
[73,74]. Similarly, a natural extension of our approach
points toward density matrix embedding theory (DMET)
[75,76]. Unlike DMFT, which is formulated around the
local Green’s function, the central object in DMET is the
frequency-independent local density matrix. By enforcing a
self-consistent match between an impurity cluster and its
environment bath, DMET achieves an accurate description
of strongly correlated systems directly through the density
matrix. This structural similarity suggests that our frame-
work could be seamlessly embedded into DMET, opening a
path toward studying localization in realistic multi-orbital
and strongly correlated materials. We leave this promising
direction for future work.

III. INTERACTION SYSTEM

The theory of Anderson localization in noninteracting
systems has been extensively developed over the past sixty
years [1,2,5], culminating in a well-established scaling
framework. Once electron-electron interactions are
included, however, the problem becomes substantially
more complex, since interactions can both compete with
and enhance disorder effects. Early theoretical progress was
made using diagrammatic perturbation theory, which
revealed that quantum interference, combined with inter-
actions, leads to nontrivial corrections to conductivity and
thermodynamic  quantities  [3,11-13,19,77].  These
approaches laid the groundwork for understanding inter-
action-induced dephasing, zero-bias anomalies, and
Altshuler-Aronov-type corrections [2]. More recently, the
study of interacting disordered systems has been revitalized
by the study of many-body localization (MBL) [20,78,79],
which generalizes Anderson localization to finite energy
densities. In this regime, interactions fail to restore ergo-
dicity, leading to localized many-body eigenstates charac-
terized by emergent local integrals of motion. One-particle
density matrix has been used to study MBL in previous
works [80-82], capturing unique information of many-
body localized eigenstates.

Despite these advances, a comprehensive and unified
theoretical framework for the interplay between disorder
and interactions remains elusive. A central question

concerns whether low-dimensional electronic systems
can sustain metallic phases. The scaling theory of locali-
zation predicts the absence of true metallic behavior in two
dimensions [7]. However, this long-standing conclusion
has been challenged by experiments on 2D electron
systems, which provide compelling evidence that an
MIT can indeed occur in two dimensions [83—-88]. Many
attempts have been made to address this issue, including
determinant quantum Monte Carlo [89-92], zero-temper-
ature Green function quantum Monte Carlo [93], projector
quantum Monte Carlo [94], nonlinear sigma model [95],
and Hatree-Fock calculation [96,97]. Here, we aim to
approach this problem from the perspective of the density
matrix.

However, electron—electron correlations make the
diagonalization scheme used in noninteracting systems
infeasible, making it impossible to directly obtain the
single-particle wave function [y, ) in Eq. (3). Instead,
one must work with many-body wave functions. To address
this issue, we extend our approach to the interacting case by
formulating a many-body version of MDM. Specifically,
we introduce a one-particle subtraction density matrix
(SDM) P?Et;);(j,ﬁ)’ defined from the difference between

two many-body ground states as

P i = (GSNlel e plGSy) = (GSyoile]o¢jp|GSyor)
(7)

Where |GSy), |GSy_;) denote the ground state wave
functions with fixed particle numbers N and N —1,
respectively. The notations i,/ label the slice indices along
the longitudinal direction, while @, f denote site indices
within a slice, following the same convention as in Eq. (3).
The diagonal terms of SDM with (i, a) = (j, #) have been
initially used in quantum chemistry [98] and quasiperiodic
1D systems [99] to capture reactive-ionization hot spots
and critical localization, respectively. In our work, we
present the use of the off-diagonal terms of the SDM to
extract the localization length in interacting many-body
systems.

To clarify above definition, we first examine /)?;‘,3); ()

the noninteracting limit. In this case, the many-body
ground states |GSy) and |GSy_;) are product states of
orthogonal single-particle eigenstates |y,) with eigene-
nergy E, by

in

N-1

N
1GSw) = [ L) = lwey) ® [ o) = lvey) ® 1GSw_).
n=1 n=1

(8)

Using the orthogonality of single-particle eigenstates, one
can show that p?‘i‘f;);(jﬁ) reduces to (yg, |c],cislwe, )
which is exactly the basic building block of MDM we
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used in the noninteracting limit [see Eq. (3)]. A detailed
proof of the equivalence between the basic building block
of MDM and SDM in the noninteracting limit is provided
in Appendix C 2.

We can further go beyond this product state assumption.
Suppose we have two normalized ground state wave
functions |GSy) and |GSy_;) connected by a fermionic
operator W as |GSy) = ¢'|GSy_,). Then, we can prove

that p(l @:0.9) just leads to the information of . More

precisely, we can assume that i has the form >, , @; 4C; 4
where the normalization requires ), , |a;,/*> = 1. Using
the anticommutation relations {i, Cj.a =a;, and
{#',¢cjp} = a;4 the SDM defined in Eq. (7) can be

rewritten as

P?Eb) G = <‘i/ j,ﬂ‘lA’-i->N—l - <C:'r,acj.ﬁ>N—l
<( Aijg— ;.(ll/,\/) (a;,/;’ - li/TCj./}»N—l - <Cj.,acj,/5>N—l
=a;40; 5~ a; o' CipIN-1— a;,ﬂ<cj-.al/’\/>N—1

+ <CZal/A/l/A/-}-Cj.ﬂ>N—l - <Cj,acj,ﬂ>N—l

= ai,aa;_/}' (9)
Here, (---)y_; is a simplified notation of (GSy_;|---
|GSy_1). The final equality is obtained by using the
anticommutation (el it + 9t phney =
(cl.cipynoy and W|GSy_,) =y |GSy) = 0. Thus, this
many-body version of MDM extracts precisely the infor-
mation connecting |GSy) and |GSy_;) as pE“b) p) =
a; 45y = (Wlc] o, plw), where [y) = yt(0).
Consequently, we can define the many-body version of
MDM p™(x) in direct analogy with the noninteracting case

relation

(a) N T (b)
Sample 1 @ @ @ |
: ce— AT
t ; t c /
L Gimle™ Sl G
Sample s @ @ ® DMRG
=~ calculation
CVningyg \ |
.~ N L e — AR
Sample Ng < L L
FIG. 5.

by averaging the modulus of SDM over sites and disorder
samples as

(10)

sz|pwba H—xﬂ

Here, the additional index s denotes the disorder realiza-
tions. For the noninteracting case, this definition is strictly
equivalent to Eq. (3), and directly encodes the localization
properties of the single-particle state [y ). More generally,
when the ground states with N and N — 1 particles, |GSy)
and |GSy_,), are connected by a fermionic operator ¥, the
SDM captures the localization characteristics of .

It is important to note that in the presence of electron—
electron interactions, the simple relation |GSy) =
¥"|GSy_,) does not hold in general. Nevertheless, for
finite-size quasi-1D systems at finite disorder strength,
the ground states are always localized except in special
cases, and thus we expect to have this localized operator 1.
While interactions may complicate the precise form of v,
the exponential decay of pj(x) is expected to persist,

pa/}

providing a robust measure of the localization length in
strongly disordered interacting systems. More detailed
considerations, including extensions of the SDM to spinful
systems and higher-order corrections to v, are discussed in
the Appendix C 3.

A. Computational workflow

With SDM, the computational workflow for extracting
the localization length from the many-body version of
MDM is summarized in Fig. 5. Here, we use the spinless
fermion model in 1D lattice with interaction and disorder as
an example [100,101], which can be written as

|GSn) ©) .. w=2ev=t

| 8 o Y
| ] Ajv Al+1 ... ‘\‘ ---- Fit: § = 4.08

\ 4
Averaging ~ 8
GS sub \E 29 A~ e X/
|GSn-1) |P<i);<”% X,
»
1 <
| |

— AN, — A, —.. 0 Ceeeas

T T T T
5 10 X 15 20

Computational workflow for extracting the localization length using the many-body extension of MDM approach in spinless

1D interacting systems. (a) Schematic of different disorder samples with hopping energy ¢, on-site random potential ¢;, and nearest-
neighbor electron-electron interaction V. For each disorder sample, |GSy > and |GSy_;) are obtained by performing DMRG
calculation, as illustrated in (b). Then the SDM p?;‘;’;(i 1) €N be obtained from the two states according to Eq. (7). A}, (A},_,) represents
the matrix product state of |GSy) (|GSy_)) at site i. (c) shows y(x) as a function of x for the systems with W = 27 and V = ¢, which
exhibits clear exponential decay with a localization length £ = 4.08. (c) is calculated by averaging 500 disorder realizations of length
L = 120 under open boundary condition at half-filling. In the site averaging for each sample, the 20 sites nearest to each boundary are

excluded to minimize open-boundary effects.
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Hy = —thchj + VZniniH + Ze,-n,-. (11)
(i.j) i i

Here, t is the nearest-neighbor hopping amplitude, V
denotes the strength of nearest-neighbor interaction
(V > 0 for repulsion and V < 0 for attraction), and the
on-site random potentials e; are uniformly distributed
within [-W, W] as in noninteracting case [Eq. (2)].

We begin by generating N, independent disorder real-
izations of the model in Eq. (11), as illustrated in Fig. 5(a).
For each disorder realization, we employ the density matrix
renormalization group (DMRG) method [52], as imple-
mented in ITENSOR package [102,103], to compute two
ground states |GSy) and |GSy_;) under open boundary
condition (OBC), as illustrated in Fig. 5(b). The DMRG
calculations for the spinless 1D model are performed with
330 steps of sweep and the number of kept states is
increased gradually to 400, ensuring the convergence
and the truncation error ¢ < 107!%. From these two states,
we can calculate the SDM p?;‘z);(j’ 5) (a = p =1 in spinless

1D chains) according to Eq. (7). We then construct the
many-body version of MDM p™(x) by averaging the
modulus of the SDM over sites and disorder samples as
in Eq. (10). After symmetrization, the largest eigenvalue of
" (x)p™ (x) defines y(x), following the same procedure in
Eq. (4). In the regime of sufficiently strong disorder, we
find that y(x) still exhibits clear exponential decay even in
the presence of electron-electron interactions. Figure 5(c)
shows a representative example of disorder strength W =
2t and repulsive interaction V =t, where y(x) is well
described by e™/¢ with & = 4.08. This result demonstrates
that the many-body MDM precisely captures the localiza-
tion information encoded in the operator i connecting
|GSy) and |GSy_;). Further computational details of
DMRG and benchmarks for individual samples with ED
in the noninteracting case can be found in Appendix E 1.

B. 1D spinless interaction model

In one-dimensional correlated electron systems, it has
long been proposed that the interplay between attractive
interactions and Anderson localization can stabilize a
delocalized phase [104—111]. For example, a delocalization
transition occurs when the Luttinger parameter satisfies
K >3/2 in a spinless model within the bosonization
framework [104]. Physically, this arises because attractive
interactions enhance superconducting quantum fluctua-
tions, which compete with disorder and can ultimately
drive delocalization transition [104]. This prediction has
been extensively tested through numerical studies using
DMRG and related methods [100,101,112—-114].

To establish the validity of our method, we investigate
how the interaction strength V affects the localization
properties in the spinless 1D interacting lattice model at
half-filling using our many-body extension of the MDM

(a) (b) 1xio: V=0
W=t 4 ® DMRG
s4 i * ED
. i e FitE=
Extended Localized o, Fit: § = 25.45
1 n
h
»
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> .' ¢ “ \1"\
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. . »
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e
sl Yo eye—) v
b
-0.9 0 09 V/t -,
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x
(€) 1,106 V=009t (d) 1x20s  V =-09¢
10d° ®  DMRG a1 5 ®  DMRG
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i
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FIG. 6. Results for the 1D spinless interacting chain with finite
on-site disorder strength W = ¢ at half-filling. (a) Schematic
phase diagram showing that for finite disorder strength (W = 1),
both the noninteracting case (V = 0) and repulsive interactions
(V > 0) correspond to localized states, while at specific attractive
interaction strengths (V < 0) an extended state emerges.
(b)—(d) Display y(x) and their fitting results [using Eq. (12)]
for V. = 0¢, 0.9¢, and —0.9¢ The extracted parameters are & =
25.45,6, =4.00for V=0;&=9.37,(, — 0 for V = 0.9¢; and
£=337.76,6p =132 for V=-09z. Each panel among
(b)—(d) is obtained by averaging over 500 disorder realizations
of length L = 120 under OBC. In the site averaging for each
sample, the 20 sites nearest to each boundary are excluded to
minimize open-boundary effects. panel (b) is calculated using
both ED and DMRG, while panel (c) and (d) are calculated
by DMRG.

approach. At relatively weak disorder (W ~ 1), previous
numerical calculations [100,101,112-114] have shown that
while repulsive interactions (V > 0) enhance localization
compared to the noninteracting case, attractive interactions
(V < 0) can induce nontrivial extended states in 1D, as
illustrated in Fig. 6(a). To verify the accuracy of our DMRG
calculation in the MDM approach, we first benchmark
against the V = 0 case, where the model reduces to the
noninteracting Hamiltonian and the MDM can be obtained
using both DMRG and noninteracting ED. Figure 6(b)
shows the results of V =0 and W = 1, averaged over the
same 500 disorder realizations in DMRG and ED, where
DMRG and noninteracting ED yield identical y(x), con-
firming the reliability of our DMRG calculations.
However, the weak W complicates both the y(x) and
the fitting procedure. It is worth noting that in the
clean limit (W =V = 0) of a 1D nearest-neighbor chain,
y(x) can be computed exactly and follows an oscillatory
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form determined by the Fermi momentum k. as y(x) ~
[1 + cos(2krx)]. As disorder increases, y(x) crosses over to
a purely exponential decay, y(x) ~ e™*/<. In the intermedi-
ate regime of weak disorder, however, the decay is better
captured using an exponential decay accompanied by a
damped oscillation as

y(x) =A-e™< + B - cos(2kpx)e/%0, (12)

where B is the oscillation amplitude and &, is the
oscillation decay length. The fitting result shown in
Fig. 6(b) for W=1¢ and V =0 yields £ =25.45 and
&o = 4.00, demonstrating that this fitting functional form
accurately captures the decay behavior of y(x) in the weak-
disorder regime.

Building on the noninteracting benchmark results pre-
sented above, we now examine the effects of interactions.
For repulsive interaction (V > 0), Fig. 6(c) shows the result
for V.=0.97r and W = 1, where y(x) follows clear expo-
nential decay with &= 9.37 and &, — 0, significantly
shorter than the noninteracting value (£ =25.45 and
o =4.00) at the same disorder strength. This confirms
that repulsive interactions enhance localization and also
suppress oscillation. We note that the y(x) point at x = 1
deviates from the exponential decay trend. We conjecture
that this is due to the special form of the nearest-neighbor
repulsion, which disfavors double occupation of adjacent
sites; thus, we exclude it from the fitting and use the data
from x > 2.

Interestingly, for attractive interactions (V < 0), we
observe clear evidence of delocalization. As shown in
Fig. 6(d), for V = —0.9t and W = ¢, the extracted locali-
zation length diverges to & = 337.76 (with £, = 1.32),
which is larger than the system size indicating an extended
state. In this regime, y(x) remains well captured by the
fitting form in Eq. (12), approaching a constant at large x.
This result is in full agreement with previous numerical
studies [100], which reported the same extended state under
identical parameters. Altogether, these findings validate our
theoretical analysis and demonstrate that the MDM frame-
work, when combined with the DMRG algorithm, reliably
extends to interacting systems and faithfully captures
localization-delocalization behavior under both repulsive
and attractive interactions. Nevertheless, an exact determi-
nation of the transition point in 1D remains challenging
within our current approach and will be left for future
investigation.

C. 2D Anderson-Hubbard model

With the validity of our method established, we now
address the central question of this section: whether
metallic phases can exist in two dimensions under the
combination of electron correlations and disorder. While
previous quantum Monte Carlo studies have hinted at
delocalization tendencies, the fermionic sign problem

and the analytic continuation are still challenges in quan-
tum Monte Carlo calculations [89-92]. On the other hand,
our approach relies only on the ground-state wave function
and quasi-1D scaling analysis. Ground states can be
obtained with high accuracy, and the quasi-1D geometry
is naturally compatible with DMRG simulations, making
our method both more reliable and more efficient for
tackling this problem.

To address this issue, we apply the many-body MDM
approach to the Anderson-Hubbard model on a quasi-1D
bar, which is described by the following Hamiltonian

HU =t Z Z Cj.a.vcj.,ﬁﬁ + UZ”[,a,Tni,a,¢

((i.).(j.B)) © (i)
+ Zei.(lni.(l.ﬂ‘ (13)
(

ia),c

Here, i, j and a, # follow the notation introduced earlier,
o€{1, ]} denotes the spin index and ¢;, are uniformly
distributed in [-W, W].

It is well known that the Hubbard model hosts a
remarkably rich phase diagram with numerous competing
orders, most prominently Mott physics at half-filling. In
this work, our focus is on the correlated disordered metallic
regime. To avoid interference from other ordered phases,
we consider an electron filling of n =4/15, which is
far away from half-filling. At this density, we expect the
U — oo limit corresponds to a correlated metal without
other competing orders. The problem then reduces to the
competition between a correlated metallic state and an
Anderson insulator, providing a natural setting to inves-
tigate the delocalizing role of Hubbard interactions and the
potential existence of a metallic state in disordered 2D
systems.

We define the SDM for the Anderson-Hubbard model
using the two ground states |GSy) and |GSy_;) as

sub Since

PliayGp) = Zn(<cza,gcj.[i,6>N - <C;a,gcj.ﬂ,r7>N—l)‘
the system preserves time-reversal symmetry, the SDM
remains the same whether |GSy) and |GSy_;) differ by a
spin-up or a spin-down fermion. Because DMRG calcu-
lations remain computationally demanding for M > 4, our
finite-U calculation to extract the localization lengths is
restricted to bars of width M < 4, which represents the
practical computational limit of our study. For M = 2, we
perform 165 steps of sweep with the number of kept states
increasing gradually to 2500, ensuring a truncation error
€ < 1078; for M = 3, 195 steps of sweep are carried out
with the number of kept states increasing gradually to 4000,
achieving e < 107, Further computational details and
single-sample benchmarks with ED in the noninteracting
case (U = 0) are presented in Appendix E 1. For compari-
son, the localization lengths at U = 0 are calculated by ED
of the noninteracting Hamiltonians in the quasi-1D bars of
widths up to M = 4 under OBC. These system sizes are
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FIG. 7. Results of y(x) and finite-size scaling of &,,/M for the
quasi-1D Anderson-Hubbard model. (a) The y(x) and exponen-
tial fitting results for M = 2, 3, 4 in the noninteracting case with
U=0 and W =2.5¢, which is calculated by ED. (c) The
corresponding finite-size scaling of &,,/M for W = 2.3t-2.8t.
(b) The y(x) and exponential fitting results for M = 2, 3 with
U =4t and W = 2.5¢, which is calculated by DMRG; (d) the
corresponding finite-size scaling of &, /M for W = 2.3r-2.8¢. All
disorder realizations are on systems of size M x L with L = 60
under OBC, and in the site averaging for each sample, the 10 sites
nearest to each boundary are excluded to minimize open-
boundary effects. In (c), data points are obtained by averaging
the localization lengths from 10 independent batches of 2000
disorder realizations, with error bars indicating the standard
errors of the mean estimated from the 10 independent values.
In (d), each point is averaged over 100 realizations, and error bars
are standard errors of the mean obtained from five subsets of 20
samples.

already sufficient to capture the finite-size scaling charac-
teristics that distinguish metallic from insulating behavior,
as discussed below.

We first examine the noninteracting case with U = 0.
Within the considered disorder range W € [2.37,2.81], y(x)
exhibits robust exponential decay, y(x)~ e™*/s, from
which the localization lengths &, can be precisely
extracted, as shown in Fig. 7(a) for the representative
results at disorder strength W = 2.5¢. The corresponding
finite-size scaling of &,,/M is presented in Fig. 7(c), which
displays clear localized-state scaling behavior as expected.
Specifically, for a fixed width M, &,,/M decreases as W
increases; and for a fixed disorder strength W, &,,/M
decreases with increasing M, confirming the absence of
metallic scaling in the noninteracting case [7].

We then turn to the interacting case with U = 4.
Remarkably, even in the presence of strong Hubbard

interactions, y(x) retains a clean exponential decay form,
as shown in Fig. 7(b) for the representative results at
disorder strength W = 2.5¢. Additional numerical results
of y(x) and the corresponding exponential fits at other
disorder strengths can be found in Appendix E2.
Moreover, for the same disorder strength W and width
M, the localization length at U = 4¢ is significantly larger
than that at U = 0t, with the enhancement becoming
more pronounced as M increases. For example, we have
E(U =41)/E (U = 0r) ~ 1.33 while & (U = 41)/&(U =
0r) ~ 1.93 at disorder strength W = 2.5¢. This directly
impacts the finite-size scaling of &,;/M in Fig. 7(d), where
&)y still decreases with increasing W; but for fixed W, &y,
now increases with system width M. Such scaling behavior
provides strong evidence for a two-dimensional metallic
tendency.

Because of the large computational cost of the Anderson-
Hubbard model, our DMRG calculations are currently
limited to relatively narrow quasi-1D systems of
width M =2 and M = 3, so the scaling results can only
establish a metallic tendency within the accessible sizes.
Nevertheless, we propose that an interaction-induced 2D
correlated metallic state can, in principle, emerge. The
underlying reason can be understood in the Anderson-
Hubbard model. In the noninteracting limit U = 0, time-
reversal symmetry enforces €; 4 = ¢€; | = €;, so that both
spin species share the same disorder landscape and a
disorder-selected low-energy site is doubly occupied by
two particles with opposite spins. When the Hubbard
interaction is introduced, however, the term Un;,n;
imposes an energetic cost on such double occupancy,
thereby giving rise to a delocalizing tendency compared
to the noninteracting case. To capture the same interaction-
induced delocalization effect with much lower computa-
tional cost, we construct a modified spinless interacting
model and obtain metallic scaling at a finite interaction
strength, which provides additional numerical support for a
correlated two-dimensional metallic phase. A detailed
discussion of the interaction-induced delocalization effect,
the modified spinless model construction, and the corre-
sponding finite-size scaling results are presented in
Appendix D.

These results demonstrate that interaction-disorder com-
petition can indeed induce a correlated metallic tendency, in
contrast to the localized behavior of the noninteracting
case. These findings provide direct numerical evidence that
Hubbard interactions can play a delocalizing role in
disordered 2D systems, establishing a new route to met-
allicity beyond the conventional Anderson paradigms.

IV. SUMMARY AND OUTLOOK

In this work, we develop a general framework for
extracting localization lengths in disordered quantum
systems employing the density matrix. By reformulating
localization in terms of the modulus of the one-particle
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density matrix, our method (MDM) provides a direct and
statistically robust way to determine localization lengths in
quasi-1D geometries. Benchmarking against the standard
transfer matrix method, we show that MDM faithfully
reproduces the metal-insulator transition in the 3D
Anderson model, captures the energy-dependent mobility
edge, and remains consistent across different universality
classes, including the 2D spin-orbit coupled case. We
further demonstrated that MDM can be readily applied
to multi-orbital Anderson systems by benchmarking it
against TMDCA for a two-orbital model. These results
establish MDM as a reliable and computationally efficient
alternative to TMM.

We then generalize the framework to interacting systems
through the many-body subtraction density matrix. Using
DMRG calculations, we demonstrated that this extension
captures localization physics in disordered 1D spinless
fermion chains with nearest-neighbor interactions, and
reproduces the emergence of extended states at specific
attractive interaction strength, consistent with previous
numerical studies. Finally, we apply the method to the
2D Anderson-Hubbard model at n = 4/15 filling, showing
that Hubbard interactions can enhance delocalization and
exhibit a metallic tendency with accessible sizes at finite
disorder strength in two dimensions. Together, these results
establish the MDM framework as a versatile and powerful
tool for exploring Anderson localization and its interplay
with electronic correlations.

Looking ahead, several promising directions emerge
from this work. First, integrating the MDM framework
into broader computational approaches, such as density
matrix embedding theory and density functional theory,
could open powerful routes for investigating localization in
realistic materials. Second, the method can be extended to
other interacting systems and low-dimensional metal-insu-
lator transitions, including low-density electron gases.
Third, the MDM formalism can be naturally combined
with other tensor-network algorithms [115,116] (e.g.,
projected entangled pair states), enabling studies of larger
systems and providing new insights into entanglement and
localization in many-body settings. Taken together, our
study demonstrates that the density matrix framework
offers both conceptual simplicity and computational ver-
satility, opening a new perspective on Anderson localiza-
tion and its extensions to interacting and correlated
systems.
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APPENDIX A: COMPARATIVE FRAMEWORKS
FOR LOCALIZATION LENGTH—TRANSFER
MATRIX AND MODULAR DENSITY MATRIX

In this section, we provide a systematic analysis and
comparison of our MDM approach with TMM, in order to
clarify the connections and differences in how the locali-
zation length is defined in these two methods. We first
review the standard TMM, and then compare it with our
newly introduced MDM approach. The analysis highlights
both the formal connections and the key differences. We
further demonstrate mathematically the equivalence of the
localization lengths obtained from the TMM and the MDM
approach, which is consistent with our numerical results.
For clarity, we denote &ty as the localization length
obtained from the TMM, and &ypy as that from the
MDM approach in this section.

1. Transfer matrix method

We first provide a detailed description of TMM
[14,21,22] and give the definition of the localization length
in this method. Consider a quasi-1D system of width M and
length L, the Schrodinger equation for the quasi-1D system
can be written as

Hipi+Viidiy1 + Vi = E;. (A1)
Here, H; denotes the block of Hamiltonian matrix elements
for the ith slice, V; ;. represents the block of Hamiltonian
matrix elements corresponding to the hopping terms
between the ith and (i + 1)-th slices, and ¢; is the
component of the eigen-wave function |y > with eige-
nenergy E on the ith slice, which can be expressed as
¢; = |i){ilwg). Based on Eq. (Al), we then define the
single transfer matrix 7;(E) between adjacent slices as

()=,

vl (E-H;) -Vl V..
TI(E) _ ( t,1+1( l) ii+1"7 i 1>' (A2)

IMd—lXMd—l OMd—lXle—l

For a system with length L, the total transfer matrix S; (E)
is given by the ordered product of the single transfer
matrices 7;(E), which reads
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SL(E) = TL(E)T, ((E)-- - T\(E).  (A3)
According to the Furstenberg-Kesten law of large numbers
[118] and Oseledec’s multiplicative ergodic theorem [119]
for random matrix products, the localization length is defined
in terms of the smallest positive Lyapunov exponent as

no= lim (IS, (E)SL(B)). (Ad)

1
éTM_?y 2L

1
The Lyapunov exponent can be obtained stably through
iterative QR or SVD decompositions [22]. A detailed
analysis of the statistical stability of the localization length
Erm with increasing length L will be presented later, here we
first provide its definition within the TMM framework.

2. Relation between TMM and MDM

The definitions of the localization length from MDM and
TMM introduced above can be placed on a common
footing by analyzing them from the perspective of sin-
gle-particle wave functions and their associated density
matrices. To clarify the relationships between the locali-
zation lengths defined from these two methods, we focus
on the 1D case. The conclusions drawn from this analysis
also hold for quasi-1D systems by simply adding the
internal degrees of freedom within a slice.

In the TMM framework, according to Eq. (A2) and
Eq. (A3), the eigenwave function component at the xth site
propagated from the reference Oth site can be written as

O, =S (E)D),, @ = (qb”‘ ) (A5)

bx

where ¢, is the component of the eigenwave function |y )
with eigenenergy E at the xth site, which can be expressed
as ¢, = (x|lwg) = wg(x) [follow the same convention as in
Eq. (A1)]. Then the Euclidean norm of S, (E)®, can be
expressed in the form of y as

[1S:®ol| = [[Px|] = \/Il//E()C)I2 +lwp(x+ 1P

~ V2 (). (A6)
Combining this with the prerequisite that the wave function
component at the reference Oth site is set to unity in TMM,
lw£(0)| = 1, the Euclidean norm can be rewritten as follow

15:@o|[ 7 V2 - lwi(x)] - e (0)] o [(welcoesdwe) | (A7)

This is precisely the 1D form of the basic building block of
the MDM in Eq. (3) in the main text, demonstrating the
direct correspondence between the TMM and the MDM.

Up to this point, from the perspective of the eigenwave
function and the MDM, we have established that the total
transfer-matrix quantity ||S,(E)|| is directly correlated with

the basic building block of the MDM [Eq. (3)].
Nevertheless, the MDM definition of localization length

focuses on the same building block |(wg|chc.|we)| but
employs a different averaging scheme. Instead of taking the
limit of x — oo, one considers the averaged quantity

S welclcipelwi)|, which collects contributions from
all sites separated by distance x. The slowest decaying
mode y(x) in the MDM is then fitted to e™*/4MM to obtain
the localization length &ypy. This is the core difference
between the MDM and TMM framework.

3. The equivalence and statistical stability
of &yv and Eyvipwm

Based on the two definitions of the localization length
introduced above, we now provide a mathematical demon-
stration of their numerical stability after statistical averaging,
as well as their equivalence in the localized regime.

We first demonstrate the numerical stability of the
localization length &1y obtained from the TMM. For
convenience, we denote the logarithm of the product
transfer matrix norm as U,.(E) == In(||S,(E)®y]||). The
Furstenberg-Kesten law of large numbers [118] and
Oseledec’s theorem [119] then imply

U
lim—x*h, Srm = —.
Y=o X 71

(A8)
Here, y; is the largest positive Lyapunov exponent of
S, (E), which is also named as the first Lyapunov cumulant,
representing the mean value of U, /x.

Beyond the mean value, the central limit theorem for
random matrix products [119-121] yields a Gaussian
distribution of U, with finite x, which is

Ux_ylxN
NG

Here, G(u, 6*) denotes the Gaussian distribution with the
mean value y and variance . y, is named as the second
Lyapunov cumulant, representing the variance of
(U, — y1x)/+/x. Equivalently, Eq. (A9) can be rewritten
as the distribution of U,/x with finite x, which reads

Uy
X X

Therefore, as x — oo, Eq. (A10) reduces to Eq. (A8)
with (y,/x) — 0, yielding a stable localization length
(Us/x) = (1/71) = érm-

Nevertheless, in the MDM framework we consider
p"(x) at finite x, and thus the variance y, cannot be
neglected. After statistical averaging, however, a stable
exponential decay can still be obtained in the localized
regime. The exponentially decaying mode y(x) [defined
in Eq. (4)] extracted from the MDM satisfies

G(0,72)- (A9)

(A10)
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7(x) = 1p" (x)? o< ([(welege wp)])? o (e7Vr)%. According
to Eq. (A10), one has U, ~ G(y,x, y,x). Therefore, aver-
aging over samples and sites in Eq. (3) is equivalent to
evaluating (e~Y+)? analytically, which can be derived from

Gaussian integration as

y(x) = [p" (x)? o (e701)

/ R S
— e Yx e rox
oo * V2my,x

(Al1)

Here A is a constant coefficients obtained from integration,
and the asymptotic decay of MDM is determined by both y,
and y, in general.

Notably, previous studies [121] have established that, for
1D and quasi-1D systems in the localized regime with finite
variance, short-range disorder, the mean value y4, and the
variance y, of the logarithmic wave function amplitude are
equal, so that

Y1 =712 (A12)

This identity is a hallmark of single-parameter scaling in
the localized regime and underlies the log-normal distri-
bution of transmission. The noninteracting systems con-
sidered in our work all lie in the localized regime with
finite-variance short-range disorder, where single-param-
eter scaling applies and Eq. (A12) is satisfied. Therefore,
the localization length defined via the MDM is theoretically
identical to that obtained from the TMM, satisfying

Evom = Erm = —. (A13)
71

This analytical result is fully consistent with our numerical
calculations in Fig. 3 and Appendix B.

APPENDIX B: SUPPLEMENTARY RESULTS
OF NONINTERACTING SYSTEMS

In this section, we provide supplementary details and
results for the models discussed in the main text, including
the single-orbital 3D Anderson model and the spinful 2D
Anderson model with random SOC. For the 2D case, we
further compare the scaling behavior of the Anderson
model with and without SOC. This comparison clearly
demonstrates that, in the absence of SOC, all states remain
localized for any finite disorder, whereas the presence of
SOC places the system in the symplectic universality class,
allowing the emergence of a metallic phase at finite
disorder and thereby leading to a finite critical disorder
strength W, for metal-insulator transition. To obtain the
critical exponents of the metal-insulator transition, we also
perform data collapse analysis for the 3D Anderson model
and the 2D Anderson model with SOC. Furthermore, we
also test the finite-size effect along the longitudinal

direction by varying the system length L and guarantee
that the conclusions drawn from scaling &,,/M are free
from finite-size effect of longitudinal system length. All
results presented in this section confirm that the localization
length extracted from the MDM quantitatively reproduces
that from the TMM. These additional results further
establish the accuracy and general applicability of the
MDM framework to Anderson localization across different
dimensions and symmetry classes.

1. 3D Anderson model

The single-orbital 3D Anderson model on a quasi-1D
cubic lattice has been defined in the main text [Eq. (2)]. The
nearest-neighbor hopping is set to t = 1 as the energy unit,
and on-site random potentials ¢; are uniformly distributed
within [-W, W]. Figure 8 compares the localization lengths
obtained from the MDM and TMM at different fixed Fermi
energies E as a function of disorder strength W. As Ep
deviates from the band center, the critical disorder strength
W, decreases slowly. The transition point W, separates two
regimes: in the metallic phase, &,,/M increases with M at
fixed W, whereas in the Anderson insulating phase, &,/ M
decreases with M. Figure 9 presents the complementary
analysis at fixed W as a function of E. Here, the mobility
edge separating extended and localized states is clearly
visible. With increasing W, the critical Fermi energy Ep
shifts upward, reflecting the characteristic mobility-edge
structure of the 3D Anderson model. In both Figs. 8 and 9,
the normalized localization length &,,/M and the MIT
critical point W, (Ep ) extracted from the MDM agree
precisely with those obtained from the TMM, thereby
demonstrating the validity and accuracy of the MDM
approach across the entire phase space of the 3D
Anderson model.

2. Spinful 2D Anderson model with SOC

The spinful 2D Anderson model with SOC [65] on a
quasi-1D square lattice has been defined in the main text
[Eqg. (5)]. In this model, both the on-site potentials and the
nearest-neighbor SOC terms are random. The on-site
disorder ¢; is uniformly distributed in the interval
[-W, W], the nearest-neighbor hopping incorporates ran-
dom spin rotations described by an SU(2) matrix R(; 4.(; )

acting on the spin space, which is written as
Riiayip)
e'4iarip cos b(l._a);(j,ﬂ) el sin b(i’a);(j’ﬂ)
- < —e 0N SINb(; gy g €U COS B g1 p) > '
(BI)
Here, i and j index slices along the longitudinal direction of

the quasi-1D bar, and «, f denote internal site degree of
freedom within a slice. a(q)(ip and cgq).p are

5 5
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FIG. 8. Comparison of localization length scaling between MDM and TMM for the 3D Anderson model. The plots show &,,/M as a
function of disorder strength W at fixed Fermi energies Er = 0, 6, 7 for different quasi-1D widths M. (a)—(c) MDM results, and (d)—
(f) corresponding TMM results. The critical disorder strengths are W, ~ 8.3, 8.0, 7.4 for Ex = 0, 6, 7, respectively. Each &,,/M data
point from the MDM is obtained by averaging the localization lengths over 5 independent batches of 3000 disorder realizations of size
M? x L with L = 300, while in the TMM each data is obtained from quasi-1D systems of length L = 3 x 10° by averaging 5 disorder
realizations. The error bars are the standard errors of the mean across the 5 independent values.

uniformly distributed in [0,27), while b; 4. are dis-  [taking the same Hamiltonian form as Eq. (2)], which
tributed with probability density P(b)db = sin(2b)db for ~ belongs to the orthogonal class. As shown in Fig. 11, both
0 < b <27x. These distributions ensure that R(i,a);(j.ﬂ) is MDM and TMM confirm that in this case all states remain
uniformly distributed with respect to the Haar measure on localized for finite disorder, with no metallic phase [62]. In
SU(2) [65]. Hopping matrices on different bonds are  contrast, with SOC the system belongs to the symplectic
statistically independent. class and supports a finite—d_isorder rpetallic pha§e

Supplementary localization scaling results from MDM [1&28;62_6.4]- In both cases .(Wlth and without SO_C n
and TMM are shown in Fig. 10. These plots display the two dlmenswns)., the loc%ah.zatlon lengths .fM /M obtained
scaling of &, /M at fixed Fermi energies as a function of from MDM are in quantitative agreement WlFl:l thoge from
disorder strength W. As the Fermi energy deviates from TMM. For the SU(2) model with SOC the critical d1sqrder
E; = 0, the MIT critical point W, gradually decreases. For strF:ngths W, extracted from two methods also precisely
each system width M, the normalized localization length ~ coincide. These results demonstrate the accuracy and
£y/M decreases monotonically with increasing disorder. ~ reliability of the MDM approach across different univer-
The critical point W separates the metallic phase, where sality classes.
Ey/M increases with M, from the Anderson insulating
phase, where &,,/M decreases with M. 3. Data collapse

To highlight the role of symmetry, we also compute the To obtain the critical information and further validate the
scaling behavior of the 2D Anderson model without SOC  accuracy of the MDM method, we perform a detailed finite-
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FIG. 9. Comparison of localization length scaling between MDM and TMM for the 3D Anderson model. The plots show &,,/M as a
function of Fermi energy Ef at fixed disorder strengths W = 4, 5, 6, 7 for different quasi-1D widths M. (a)-(d) MDM results, and (e)—
(h) corresponding TMM results. The critical Fermi energies are £ FR 6.9,7.4,7.9,8.0for W = 4,5, 6,7, respectively. Each &,,/M data
point from the MDM is obtained by averaging the localization lengths over 5 independent batches of 3000 disorder realizations of size
M? x L with L = 300, while in the TMM each data is obtained from quasi-1D systems of length L = 3 x 10° by averaging 5 disorder
realizations. The error bars are the standard errors of the mean across the 5 independent values.
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FIG. 10. Comparison of localization length scaling between MDM and TMM for the spinful 2D Anderson model with SOC. The plots
show &,,/M as a function of disorder strength W at fixed Fermi energies Er = 0, 1, 2, 3 for different quasi-1D width M. (a)—(d) present
MDM results, and (e)—(h) show the corresponding TMM results. The critical disorder strengths are W, =~ 3.1, 3.0, 2.6, 1.7 for Ez =0, 1,
2, 3, respectively. Each &£,/ M data point from the MDM is obtained by averaging the localization lengths over 5 independent batches of
3000 disorder realizations of size M x L with L = 500, while in the TMM each data point is obtained from quasi-1D systems of length
L = 3 x 10° by averaging 5 disorder realizations. The error bars are the standard errors of the mean across the 5 independent values.
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(a) MDM (b) TMM
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I m=s I m-8
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=
S~
R 24
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FIG. 11. Comparison of localization length scaling between

MDM and TMM for the 2D Anderson model without SOC. The
plots show &,,/M as a function of disorder strength W at fixed
Fermi energy Er = 0 for different quasi-1D width M. (a) MDM
result, and (b) corresponding TMM result. Each &,,/M data point
from the MDM is obtained by averaging the localization lengths
over 5 independent batches of 3000 disorder realizations of size
M x L with L =500, while in the TMM each data point is
obtained from quasi-1D systems of length L =3 x 10° by
averaging three disorder realizations. The error bars are the
standard errors of the mean across the 5 independent values.

size scaling analysis and the corresponding data collapse
study for the 2D Anderson model with SOC [Figs. 12(a)
and 12(b)] and the 3D Anderson model [Figs. 12(c) and
12(d)] at Er =0 in the vicinity of the metal-insulator
transition by following the standard one-parameter scaling
theory.

For the data collapse, &,;/M is shown as a function of
the rescaled variable x = In [M/|(W — W_.)™"]. The result-
ing data collapses are presented in Fig. 12(b) for the 2D
Anderson model with SOC and Fig. 12(d) for the 3D
Anderson model, where the critical exponent v are
obtained by fitting to a smooth scaling function f(x) =
[A./(1 + aeP)], where v is contained in x. Combing with
the finite-size scaling results in Figs. 12(a) and 12(c), we

(a) SOC-2D (b) SOC-2D

obtain v = 2.73 £ 0.02 and W, = 3.09 £ 0.03 for the 2D
Anderson model with SOC, and v = 1.58 =£0.02 and
W.=8.25£0.03 for the 3D Anderson model. Above
values are fully consistent with the previous works
(Refs. [65,66] for the 2D Anderson model with SOC
and Refs. [23,56,57] for the 3D Anderson model).

These data collapse results provide additional and more
robust support for the accurate identification of the metal-
insulator transition using the MDM method.

4. Finite-size effect along the longitudinal direction

In this part, we test the finite-size effect along the
longitudinal direction by varying the system length L. In
brief, weak disorder is associated with a large intrinsic
localization length, which demands larger system sizes to
reach convergence. In contrast, strong disorder produces
much shorter localization lengths, so the results converge
much more rapidly. For all results presented in this paper, we
have carefully checked and confirmed their convergence.

Specifically, we compute &(L) for a sequence of longi-
tudinal lengths L under various disorder strengths W, and
define a finite-size diagnostic

AE(Ly, Ly) = [E(Ly) = &(L,) (B2)

s L, < L,,
which directly measures the stability of the extracted
localization length with respect to system size. When
A&(Ly, Ly) becomes sufficiently small or approaches zero,
we regard £(L,) as a converged localization length.

As a first example, we examine the finite-size effect in
the noninteracting 1D Anderson chain [Eq. (2) in the main
text] at half filling with periodic boundary conditions.
Figure 13(a) shows that in the weak-disorder regime the
extracted localization length £(L) depends strongly on the
system length L: at W =~ 1, £(L) from L = 60 and L = 90
differs markedly, indicating that L < 90 is insufficient
3D

(c) 3D
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FIG. 12. Finite-size scaling and the corresponding data collapse across the metal-insulator transition point for the 2D Anderson model
with SOC (a)-(b) and 3D Anderson model (c)~(d) at Er = 0. Each data point of &,,/M is computed for a strip of size M x L
[L =500 for (a)—(b) and L = 300 for (c)—(d)] by averaging the localization lengths over 10 independent batches of 2000 disorder
realizations from MDM, and the error bar is the standard error of the mean across the 10 batch-averaged values. The fitting functions
used in (b) and (d) are f(x) = A./(1 + a - ). The critical values in (b) are v = 2.73 £ 0.02 and W, = 3.09 % 0.03, and those in (d)
are v = 1.58 £ 0.02 and W, = 8.25 £ 0.03.
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(a),(b) The localization lengths (L) computed using the MDM method for a noninteracting 1D Anderson chain at half filling

under periodic boundary condition, plotted as functions of disorder strength W for several system lengths L = 60, 90, 120, 150. (c),(d)
The &(L) for a quasi-1D system with width M = 4 at filling n = 4/15 under open boundary condition for several system lengths
L = 30, 45, 60, 75. All the data in (a)—(d) are calculated by averaging the localization lengths over 10 independent batches of 2000
disorder realization, with error bars indicating standard errors of the mean estimated from the 10 independent subsets. (e)—(h) are the
finite-size diagnostic AE(Ly, Ly) = |E(Ly) — &(L,)| evaluated for the localization length &(L) obtained from different system lengths

in (a)—(d).

because the intrinsic localization length is very large and
requires much longer chains to converge. The curves start
to converge for L ~ 120-150, suggesting that L > 120 is
needed to suppress finite-size effects. This is quantified in
Fig. 13(e): A&(60,90) exceeds 10 at weak disorder and
decreases with increasing W, whereas A&(120, 150) stays
below 0.5 over the entire range, demonstrating that L = 120
yields reliable £. By contrast, in the strong-disorder regime
the localization lengths from L = 60, 90, 120, 150 differ
only slightly and rapidly converge, as seen in Fig. 13(b),
consistent with a much smaller intrinsic £. Corres-
pondingly, Fig. 13(f) shows AE(Ly, L,) < 0.1 in all cases,
confirming that L = 90 already provides a stable locali-
zation length at strong disorder.

As a second example, we consider a quasi-1D non-
interacting system with width M = 4 at filling n = 4/15
under open boundary conditions. Figure 13(c) shows that
finite-size effects in the weak-disorder regime are much
weaker than in the half-filled 1D case: £(L) from L = 30,
45, 60, 75 converges rapidly and is essentially saturated by
L = 60. This is corroborated by the finite-size diagnostic in
Fig. 13(g), where A&(30,45) decreases quickly with
increasing W, while A£(45,60) and A&(60,75) remain
close to zero throughout. In the strong-disorder regime, the
localization lengths extracted from all system lengths are
nearly identical, with the £(L)-W curves almost perfectly

overlapping in Fig. 13(d); correspondingly, Fig. 13(h)
shows A&(L,L,)~0 even for L; =30 and L, =45,
indicating that L =45 already yields converged ¢ for
W > 2.3. These results further confirm that the quasi-1D
system sizes used in the main text (Fig. 7) lie safely in the
regime where finite-size effects are negligible for the
extracted localization lengths.

Taken together, these two representative examples illus-
trate a clear trend: weak disorder corresponds to a large
intrinsic localization length and therefore requires larger
system sizes to ensure convergence, while strong disorder
leads to much smaller localization lengths, allowing a rapid
convergence with respect to L. Across all parameter
regimes used in the main text, the values of &), entering
the quasi-1D scaling analysis were extracted at system sizes
where AE(Ly, L,) is negligibly small. This guarantees that
the conclusions drawn from scaling &,;/M are free from
finite-size effect of longitudinal system length L.

APPENDIX C: PHYSICAL MEANING
OF MODULAR DENSITY MATRIX
AND SUBTRACTION DENSITY MATRIX

1. Why modular is important?

In this part, we provide a more detailed explanation of
why the modular construction is essential for the extraction
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(a),(b) y(x) and 5(x) as a function of x for the systems with disorder strength W = 27 in the 1D chain [Eq. (2)] in the main text

with quasi-1D width M = 1, respectively. (c),(d) y(x) and 5(x) as a function of x for the systems with disorder strength W = 2¢in the 1D
SOC chain [Eq. (5)] with quasi-1D width M = 1. All above panels are calculated by averaging 500 disorder realizations of length

L = 120 under periodic boundary condition at Er = 0.

of the localization length compared to the ordinary (non-
modular) density matrix.

In general, the asymptotic form of a localized wave
function can be decomposed into two components: an
exponentially decaying envelope, e /¢, and an oscillatory
or random phase factor f(x) as

() = flx)e s,

The motivation for employing the modular density matrix is
precisely to eliminate the influence of the f(x) component.
The function f(x) typically contains complicated oscilla-
tions and phase structures. In particular, when Hamiltonian
and f(x) are complex, wave functions obtained from
numerical diagonalization are subject to gauge-fixing ambi-
guities. Since the primary objective of our method is to
extract the localization length £ associated with the envelope,
itis essential to remove the contribution from f(x). And the &
from the modular density matrix can exactly match with
transfer matrix method. This point can be illustrated by the
following examples.

Mathematically, the corresponding one-particle density
matrix element between a reference site at x, and a site at x is

(C1)

p(x0.x) = (wlckc.lw) = w* (xo)w(x)
— o) (x)e N

For a given disorder realization this object has an exponen-
tially decaying envelope set by &, but the prefactor f*(0) f(x)
carries the rapidly oscillating sign or random phase structure
of the localized state. Upon averaging over positions and
disorder realizations, these short-scale phase fluctuations
distort the averaged amplitude as

(p(x0,%)) = (f*(xo) f(x))e F—xl/E,

Here, (f*(0)f(x)) in general remains an oscillatory or
random function of x, rather than a smooth quantity that
cleanly tracks the exponential envelope. As a result, the
averaged p(0,x) no longer exhibits a simple exponential

(C2)

(C3)

decay and becomes a poor quantitative probe of localization.
By contrast, the modular density matrix explicitly removes
these random phase fluctuations and oscillations, thereby
isolating a clean decaying mode e~=*l/¢ that directly reflects
the localization information, which provides a numerically
robust measure for extracting the localization length &.

To substantiate the above discussion, we compare the
modular and nonmodular construction of density matrices
in two explicit noninteracting models: one is 1D systems
with nearest-neighbor real hopping and random on-site
potential, and another is 1D systems with nearest-neighbor
random spin-orbit-coupling hoppings (complex hoppings)
and random on-site potential.

In parallel with the definition of MDM in Eq. (3) and
Eq. (4) in the main text, we define averaged nonmodular
density matrix p,(x) as

_ RS
paﬁ (x) = N Z Z<W&,EF|C:'r,(zci+x,/f|l//s.EF>' (C4)
s=1 i

Here, i and j index slices along the longitudinal direction,
and a, f denote internal site and spin index within a slice,
following the same convention in Eq. (3). And the slowest
decaying channel of p(x) is defined as

7(x) = Amax [0 (x)P(x)]

which follows the same procedure for y(x) and p™(x)
in Eq. (4).

As a first example, we consider a 1D noninteracting
Anderson chain with nearest-neighbor hopping ¢ and on-
site random potential of strength €, [Eq. (2)] with quasi-1D
width M = 1; in this case the single-particle Hamiltonian is
areal symmetric matrix. Figure 14(a) shows y(x) at disorder
strength W = 2¢, obtained from the modular density matrix
defined in Egs. (3)—(4). The result exhibits a perfect
exponential decay as a function of x, from which we extract
a localization length & ~ 6.08. By contrast, Fig. 14(b) dis-
plays n(x) for the same model and disorder strength,

(Cs)
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computed from the nonmodular density matrix p(x) defined
above. 17(x) shows pronounced oscillations superimposed on
a rapidly decaying signal, rather than a smooth single-
exponential law, and does not provide a clean or robust
way to determine the localization length. This is because the
oscillation of the local prefactor f(x) in y(x) is retained in
p(x), which makes 77(x) oscillate as a function of distance and
suppressed the intrinsic decaying mode.

The situation becomes even more severe for p(x) and
n(x) in the presence of complex matrix elements in the
Hamiltonian. As a second example, we consider a 1D chain
with nearest-neighbor random SOC hoppings R;-f'jf" and on-
site random potential ¢, [Eq. (5)]. In this case the single-
particle Hamiltonian is a complex Hermitian matrix, and
each component of the eigenstate can still be written as
w(x) = f(x)e~¥xl/¢. However, the local prefactor f(x)
now carries an additional complex phase ¢ that fluc-
tuates randomly along the system. This phase randomness
is due to the U(1) gauge freedom at each site. Figure 14(c)
shows y(x) for this 1D-SOC model at disorder strength
W = 2¢t. Because of the modulus in the definition of
MDM, y(x) still exhibits a clear exponential decay as a
function of x with localization length & = 6.41, demon-
strating that the modular construction remains robust for
the complex Hamiltonian. In stark contrast, Fig. 14(d)
displays #7(x) obtained from the nonmodular density
matrix p(x) for the same SOC model and parameters.
Here the phase factor f(x) in w(x) enters p(x) through
(£ (0)f(x)) ~ (£lP®=00O)) " which behaves as an com-
pletely random function of x. As a result, 7(x) shows
highly irregular, noiselike fluctuations without a discernible
exponential envelope even after averaging over positions
and disorder realizations.

In conclusion, above two examples show that modular
and nonmodular density matrices behave qualitatively
differently: the modular density matrix filters out sign
oscillation and random phase fluctuations, and produces a
clean exponential decay that yields the localization length,
whereas the nonmodular one is overwhelmed by those
oscillations and random phase fluctuations, and fails to give
a reliable decay law.

2. Equivalence of the MDM and SDM
in the noninteracting limit

In this part, we prove that SDM is equal to the basic
building block of the MDM in the noninteracting limit.
Specifically, when |GSy > and |GSy_,) are product states
and connected by a single-orbital eigenstate [y, ) at the
Fermi level as [GSy) = |wg,) ® |GSy-1) = |yE,) @
[T¥! lw,,), the following relation is satisfied

<GSN|CZ'LCj|GSN> —(GSy-y |CZ'LCj|GSN—1> = <‘//EF|CITCj|1l/EF>-

(Co)

We denote nth single-particle eigenstate as [y,,) = yh|0).
Its expansion in the real-space orbital basis reads

Yy = E ay, iCi.

i

(€7)

Here, c|0) = |i) labels the orthonormal real-space orbitals.
The amplitudes a,,; form a unitary matrix, such that

am’ian’i = (Smn, an'ian.j = 61} <C8)
i n

Using the unitarity of the coefficients a,, ;, we invert Eq. (C7)

T T *
to ¢ = Zn an.i¥n and ¢ = Zn Ay iYn-

For a noninteracting system, a M-particle ground state is
a Slater determinant obtained by occupying M-single-
M w}|0). Under this
product state, the one-particle density matrix pg’[;@ has the

particle eigenstates as |GSy,) =

following expression

pM = (GSylclc)|GSu) = ania, (GSulwhy,|GSy)

n,m

_ * M

= E A i@y 1O My s (C9)
n,m

where n{" = 1 if the orbital n is occupied in |GSy,) and
nS,M) = 0 if the orbital n is unoccupied. Plugging this into

Eq. (C9) yields

(M) } : EM:

M) 5 "

pij = an’ian’j = an,ian’j.
n n=1

Hence, the one-particle density matrix element is the sum
of projectors a,;a’ . onto all occupied single-particle

n,i%n,j

orbitals. Plugging Eq. (C10) into SDM, one can obtain

(C10)

(GSylele;|GSy) = (GSyoilcfe)|GSy) =pl) —pi ™"

_ *
= OEriQE,,j

=y, |clcilwe,).
(C11)

which completes the proof of Eq. (C6) and demonstrates
that, in the noninteracting limit, SDM is equal to the basic
building block of MDM.

3. Higher-order terms in SDM for interacting systems

In the main text, we have discussed the relation of SDM
to the operator i connecting |GSy) and |GSy_;). In this
section, we want to have a general discussion on SDM.
Here, we focus on the spinful version of SDM without
losing generality, defined as
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P im = O (GSNIe] 4n€ipol GSN) = (GSn-ile] €)ool GS-1)) (C12)
o=1.1

where i, j index slices along the longitudinal direction of the quasi-1D bar, and a, f label the site degree of freedom within
each slice [see Fig. 1(c)]. The states |GSy) and |GSy_;) are the many-body ground states with fixed particle numbers N and
N — 1, respectively.

In the special case where |GSy) = |yg,) ® |GSy_;), corresponding to the noninteracting limit, the orthogonality of
wave functions leads to the exact relation p?:.’";>; Gp) = 20 WE, |ciwc i p.o|WE,)» Which reduces to the same form as the basic

building block of MDM in the noninteracting case.

Beyond this simple product-state assumption, we consider the more general case where |GSy) and |GSy_;) are
connected by an operator i such that |GSy) = T|GSy_;). In the main text, we have already discussed the case § that
comes from the linear combination of c;,. For the Hubbard model or other interacting systems, yr can also contain high-
order terms, such as ¢; , ,n;,5. Therefore, we consider a more general form of the excitation operator,

Zaz acCiac lloznct aolliags t = Zl;j(n) (C13)

i,a,0 n

(1)

1,a,0

projected excitation involving the opposite spin . 17" denotes the nth order component of i, e.g., © =53 al a +Ciaoand

(0)

La,c

Here, a; ;  represents the amplitude of a bare fermionic excitation, while a; /  captures the contribution of a density-

() = Zaﬁ,ﬁgcimnim. Higher-order terms ) (n >2) may further encode multiparticle correlations in strongly
interacting systems.
Based on the expansion of the excitation operator y introduced above, the SDM can be correspondingly expanded as

PG Zp“‘b )= > (GSy-ile] o€l GSyn)- (C14)

o

where the superscript (n, m) denotes the (n, m)th order contribution associated with the corresponding term in . Explicitly,
the (n, m)-th order component of SDM is given by

sub,(n,m ~(n ~ (m)t
pz?,a)(;(j,ﬁ)) = Z<GSN—1‘W( )C;r,a.acjﬁaﬁw( ) |GSN—1>‘ (CIS)

o

Despite that the operator {r may contain higher-order terms that lead to complicated algebraic relations, we postulate an
effective fermion operator ansatz: without specifying the explicit form of higher-order corrections, we assume that the overall
operator satisfies the canonical anticommutation relation {{, "} = 1. As a consistency check, we evaluate its expectation
value in the many-body ground state |GSy_;) as (GSy_i|{y, "} GSy_1) = (GSy|GSy) + (GSy ¥ T |GSy) =
1 + 0 =0, which suggests that the effective normalization is approximately preserved within the low-energy subspace
relevant for our construction. This provides a tentative theoretical justification for employing i as an effective fermionic
excitation operator in the interacting case.
Using the anticommutation relation of i, Eq. (C14) can be rewritten as

p?ub)(Jﬂ) Z<({W s zao‘}_ 1aal/] )({Cjﬂwl// I} W ]ﬂ6)> <Cj,a,o‘cj.ﬂ.0'>N—l

= ZZ tao i W™ oy = (", el 30 ¢ padvot = (ot pa B ™ )Nzt
+ z<ci,a,a(l/7¢ - 1)Cj,/3,6>N—1
= Z Z(({lj/(”)’ c;a,ﬁ}{cj,ﬂ,o" li/(m)T}> <{W l a, o'}l// j./f,O'>N—1 - <C:(l,ﬁy7(n) {Cj,ﬂ,ow li/(m)T}>N—1)

+ Z<C j-,a,o'li/.rlilc j,ﬁ,6>N—l

= S+ S P 10
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sub,(n,m)

Here, we use y; ;.7 5 to denote above long expressions, and (-+)y—1 is the simplified notation of (GSy_;|---|GSy_1).

Despite the complexity of these expression, we can further simplify it as follows:
(1) First, for the case n = m = 0, corresponding to the contribution of the bare fermionic excitation operator to the

(ii)

(iii)

sub, (0,1 0 1 A~ (1)F *
)(Ei,a)(;(j,)i) = Z(ag,og,aa;,/;,a<nj,ﬁ,5>N—l “ligs <W(1)} Cj,ﬂ.5>N—l - aj,ﬁ)’,g<ci,a,ol//

SDM, according to the anticommutation relations of () as follow

A 0 7 0)
{W(O)a cj,a,n—} = az(a>o' {W(O)T’ Cj»/’s"} = a.;/’)'-,” (C17)

one can obtain

sub,(0,0 0 0 A 0)x* A
2 =3 (a0l = all O oy = al) (el )y (C18)

o

Here, ZG la " ] ﬁa =3, W\c], ,¢;polw®) encode the localization properties of %), which follows the same

expression as in Eq. (9) in the main text, with the additional spin summation in the spinful system.

Second, for the case n =0, m =1 and n = 1, m = 0, corresponding to the cross terms arising from the bare
fermionic excitation operator and the 1st order density-projected fermionic excitation operator, according to the
anticommutation relation of (©) in Eq. (C17) and ¢V as follow

{l/,\/(l) ) Cj.,{l.()'} - ag,l(j,(;ni a,c S(I) (FSIG((IT’ (Clg)
N 1 6,0
{7 cjp0t = “j.ﬁ),a”j.ﬂ,& - “5,/;,651',/1’ (C20)
one can obtain

njp5)n-1 +a j/; (c mg'l/( )Si§>N—l)'

(C21)

sub, (1,0 1 0 0)* 1
Zzt'l,a;;(j,}}) = Z(az(',cz,aa;,ﬂ),a<ni,(l,6>N—1 - aﬁﬂ) < laz)'l//( >> - a1(030< i,(l,(_il//( ) jﬂ()’>N 1T Cl( ) <Stal//( ) j./i.rr>N—1)'

(C22)

Here, we use the notation S;’(f = cja +Cip.5» SO that ST b= Sja is the spin creation operator and Sl o = S 1s the spin
annihilation operator at (i, ). The relations in Eq. (C21) and Eq. (C22) hold by invoking the total spin conservation
of the ground state |GSy_;), so that (S77)y_; = (S75)y_1 = 0. Moreover, since we have the relation
S | GSy_y) = W|GSy_1) = rr |GSy) = 0, the last two terms in Eq. (C18) and the second term in Eq. (C21)

and Eq. (C22) can be neglected as a whole when summed over )(ZUb)('(’ m)) for all n and m.

Third, for the case n = m = 1, corresponding to the contribution of the Ist order density-projected fermionic
excitation operator to the SDM, according to the anticommutation relations in Eq. (C19) and Eq. (C20), one can
obtain

11 1 1 1 1 6,0 1 0.6
Xia)(j /)3) = Z[az(',az,aa;,ﬁ)'a<nlaa jﬂo’> -1~ ‘11(',02,5‘1;,/3,5<"i,a,65j,/3>N—1 - ai.o?.z;a;,/;,a< ia ”j,ﬂ,5>N—1

1 1 & oo 1 1 G A
+ afa?[raﬁ/;é< Zf ?,;DN—I - a1(020< taal//( ) j[i0'>N—l + az(',(z,6<sz§w(l>TCj,/J,a>N—1

1 N
_a;ﬂ < jao’l//( )n]ﬁ6>N 1+ E[)2 < l(l()’ll/( )S]/)’>N 1] (C23)
This expression can be further simplified by invoking the total spin-number conservation condition of |GSy_; >
such that (n ,(,,,S;’/‘,’> = (S%7njp5)n-1 = 0.
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Taking all above equalities into consideration, one can obtain the overall form of p?“b

RS follow

0 1 n © n o
p??t;) G Z[ago?o Eﬂ)n + afa)n 5[;0'< njgsIn-1 + azg,oz,oaﬁ,ﬂ),a<ni,a.6>N—l + az(,oz,aaj‘,ﬁ),g<ni.a.[7nj./},6'>N—l

o

+all al) (STISTeN )+ alh

_aloBa< i,a,a—li’ cj,ﬂ,o‘>N—

(STaw cipon-1 +a 5/; (c jaa‘/A/S?-;’”>N—1

1
1_05/3 < lao‘wnjﬂt7>N ]+< taal// lllcjﬂ0>N i ]

(C24)

The second and third lines of this expression can be further expanded order by order and simplified using the following

commutation relations:

" _ (0
W, njﬁ,&] =4d;p

[ni,a,?ﬂ l/A/W =45 a5

G.0 (0)
[ ST, ]—aj/jécjﬂa

[S(.F‘a, [/A/k] = ag(»*_cl.r

{l//\/v Cj.[)’,rf} = —a

(n

6Cipe t ) psCipaNipe T (C25)
el + at(.gj‘rc;a,&ni,a,a +- (C26)
+ Al 5Cipoipe (C27)
ias%iac + az('gj'rcia.ani,aﬁ +oe (CZS)
. . - 29
i$5CipeCipe T (C29)

S C)L N S .. (C30
ai,a,t‘fcz,a,aci.aﬁ )

{c]ao ™} =

Combining this with the fact that |GSy_;)

=y |GSy) = 0 and the total spin quantum number conservation, Eq. (C24)

can be rewritten in its final, order-by-order simplified form as

su 0 0 0 1 1
P b) Gp = Z[af;a),aaﬁ.},a + al(',cz,o'a;,[;,a<nj,/3,5>N—1 +a; ),aa

o

e
oA Mias)nog T ag,a?,aaﬁ',ﬂ),a<ni,a,6n i BEIN-1

1 1
+all)al) (STEsTay  + (alsats +al) al ) (el ol podnar T 1 P aattian i po )Nt
1 1 +
+|a.§‘/36|2<cj a,c"jpé //J’H>N | ta ,3,20,5/3 <Cfaaclaﬁ Cjpa //16>N o ] (C31)

In summary, the zeroth-order contribution p***(®) corre-
sponds directly to the MDM of the bare single-particle
excitation (), fully consistent with the spinless case.
Nevertheless, additional corrections arise from the pro-
jected fermionic excitation y(!), involving density average
(i q5)n_1» density-density correlators (n; 457 55)y_; and
spin-spin correlators (S7:7 jg) N1
density and spin-spin correlations in systems without
magnetic or charge order to decay rapidly with oscillations
and thus be strongly suppressed at large separations x,
while the density average contributes a subleading, expo-
nentially decaying modification (agﬁa;.]/;ﬁ(nj,ﬂﬁ)]v_l +

(1 (0)
i,a,o‘aj./},a

second and third lines, involving the structures of single-
particle correlators (¢}, ¢;4+)n_1» density-projected sin-

We expect density-

a (Miqz)n—1) at finite x. For the terms in the

gle-particle correlators <Cj,a,g"i,a,5cj_ﬂ,a> ~—1 and pair-pair

correlators (¢}, ¢l ,¢jpsCip0)n-1- We argue that these
contributions are small: for weak interactions (small U), the

coefficients \ala6| are negligible, while for strong inter-
actions (large U) the double occupancy is strongly sup-
pressed. Combining with the fact that single-particle
correlators and pair-pair correlators also decay rapidly with
oscillatory behavior, the expectation values of the terms in
the second and third lines are driven toward zero. Taken
together, we expect that p**(© still provides the main
contribution to the SDM, retaining its clean exponential
decay even at finite interaction U in the Anderson—Hubbard
model, as shown in Figs. 7(b) and 23. In more general
situations, we cannot prove this feature is always true.
However, as we discussed in the main text, we expect the
ground states to be always localized for finite-size quasi-1D
systems at finite disorder strength except in special cases. If
there exists one yr, SDM still provides important informa-
tion about .
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APPENDIX D: MODIFIED SPINLESS
INTERACTING MODEL FOR A 2D
METALLIC STATE

In order to further elucidate the interaction-induced
delocalization mechanism and to provide additional evi-
dence for the existence of a 2D correlated metallic phase,
we construct a modified spinless interacting model with
selected nearest-neighbor bonds. This model significantly
reduces the computational complexity while capturing the
essential delocalization physics of the Anderson-Hubbard
model. Owing to its numerical tractability, we are able to
perform finite-size scaling analyses with quasi-1D widths
from M =2 to M = 5. At finite interaction strengths V =
2.5t and filling n = 5/15, we obtain a clear metallic scaling
behavior, which further supports our expectation that the
competition between electron-electron interactions and
disorder can stabilize a two-dimensional metallic phase.

1. Reason for interaction-induced delocalization

Before introducing the modified spinless interacting
model, we want to provide the delocalization reason of
the Hubbard interaction U in the Anderson-Hubbard model
[Eq. (13)], as schematically illustrated in Fig. 15(a).
Specifically, in the noninteracting limit U = 0, the disorder
potential is spin independent €; 4 = €; | = €;, so that both
spin species share the same disorder landscape and a
disorder-selected low-energy site (site i in Fig. 15) is doubly
occupied by two particles with opposite spins. However, as
the Hubbard interaction U is turned on, double occupancy at
one site becomes energetically costly due to the term
Unjyn;|, which forces the two electrons to separate spatially.
This interaction-induced suppression of simultaneous double
occupancy at disorder-selected sites weakens the effective
localization effect by disorder and produces a delocalizing
tendency compared to the noninteracting case.

To emulate the delocalization mechanism of the
Anderson-Hubbard model in a numerically tractable set-
ting, we introduce a modified spinless interacting model

FIG. 15.

with selected bonds. The delocalization mechanism origi-
nates from these selected bonds, as schematically illustrated
in Fig. 15(b). In this construction, we select a set of mutually
independent nearest-neighbor bonds, each consisting of two
adjacent sites, and the index i in Fig. 15(b) labels the bond
rather than site. The two adjacent sites (labeled as 1,2) within
each bond correspond to the two spin degrees of freedom at
each site in the Anderson-Hubbard model. In analogy with
the Anderson-Hubbard model, the two adjacent sites within
each bond share the same disorder potential ¢;, and the
nearest-neighbor repulsive interaction V appears only
between the two adjacent sites belonging to the same bond,
which reads Vn; n;,. In the noninteracting limit (V = 0), two
spinless electrons tend to be localized in the same bond,
which leads to the double occupancy at the disorder-selected
low-energy bonds. However, A finite nearest-neighbor
repulsion V within each bond penalizes such double occu-
pancy, thereby enforcing spatial separation of electrons and
generating a direct competition between interaction and
disorder. Therefore, this modified spinless interacting model
with selected bonds captures the same delocalization mecha-
nism as that in the Anderson-Hubbard model.

2. Model construction and finite-size scaling results

Based on the above discussion of the interaction-disorder
competition and the associated delocalization mechanism,
we now introduce in detail the modified spinless interacting
model with selected bonds and present the corresponding
finite-size scaling results. The Hamiltonian of the modified
spinless interacting model is given by

H=—t Z c:f‘acjyb + Zei(ni’l +n;5)+ VZ”i,l”i,Z‘
((i.a)i(j.b)) ieB ieB

(D1)

Here, the indices i, j label the nearest-neighbor bonds, and

a,be{l1,2} label the two adjacent sites within each bond.
Each index tuple (i, a) corresponds to a lattice site in the

(b)

Schematic diagrams of the interaction-disorder competition mechanism in (a) the Anderson-Hubbard model and (b) the

modified spinless model with selected bonds. The indices i — 1, i and i + 1 in (a) or (b) label the sites or bonds with local random
potentials €;_, €;, and ¢, ;. Different spins on a site in (a) and different sites within a bond in (b) share the same random potential. In (a),
the on-site Hubbard interaction Un;;n;| (blue) penalizes the double occupancy with different spins at site i, thereby promoting a
delocalizing tendency. In (b), the interaction acts only within a selected nearest-neighbor bond connecting sites 1 and 2 via Vn;n;,
(blue) to penalize the double occupancy in a bond, providing a similar interaction-induced delocalizing tendency that competes with

disorder.
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FIG. 16. Bond configurations of the modified spinless interacting model used in our quasi-1D calculations for longitudinal length
L = 30 and transverse widths (a) M =2, (b) M = 3, (c) M = 4, and (d) M = 5, with open boundary conditions. The longitudinal bonds
(black solid lines) and transverse bonds (brown solid lines) connect nearest-neighbor sites. The hopping term ¢ acts between all nearest-
neighbor sites, while the repulsive interaction V acts only within each bond (i.e., between the two sites connected by the same solid
segment). In addition, each two sites within a bond share the same random on-site potential.

quasi-1D geometry, and B denotes the set of all selected
bonds. The bond configurations of the quasi-1D systems
with different widths are shown in Fig. 16, and will be
discussed in detail later. In this model, hopping terms # exist
between all nearest-neighbor sites, while the nearest-
neighbor repulsive interaction V acts only between the
two nearest-neighbor sites belonging to the same bond.
And the two sites within each bond share the same random
potential €;, where ¢; satisfies a binary distribution taking
values {—W, W} with equal probability in our calculations.
We consider quasi-1D systems of size M x L, with a fixed
longitudinal length L = 30 and transverse widths M = 2-5.
The bond configurations for different widths are shown in
Figs. 16(a)-16(d). In these constructions, the majority of the
bonds are oriented along the longitudinal direction, with a
small number of transverse bonds regularly interspersed.
The inclusion of transverse bonds is motivated by finite-
size considerations. Because of computational constraints,
the longitudinal length is limited to L = 30, and we aim to
extract localization lengths that remain well below L/2 in
order to avoid finite-size effects. Compared to longitudinal
bonds, transverse bonds generate a weaker delocalizing
effect along the longitudinal direction, thereby preventing

the localization length from becoming excessively large.
Therefore, introducing a small number of transverse bonds
allows us to control the magnitude of the localization length
while preserving the essential interaction-disorder competi-
tion encoded in the bond construction. This choice enables a
transverse finite-size scaling analysis that is essentially
unaffected by finite-size effects along the longitudinal
direction.

In this modified spinless interacting model, we consider
an electron filling n = 5/15 which is away from half-filling
to avoid other competing orders. We first examine the
noninteracting case with V = 0. Using the MDM frame-
work, we extract the decaying modes y(x) for each disorder
strength W and quasi-1D width M. Within the considered
disorder range W € [1.81, 2.01], y(x) all exhibit robust expo-
nential decay as y(x) ~ e/, as shown in Fig. 17(a) for
the representative results at disorder strength W = 1.9z.
The corresponding finite-size scaling analysis of &,;/M is
shown in Fig. 17(c), which reveal a clear localized scaling
behavior. Specifically, for a fixed width M, &,/ M decreases
as W increases; and for a fixed disorder strength W, &,,/M
decreases with increasing M, confirming the absence of
metallic scaling in the noninteracting case.
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FIG. 17. Results of y(x) and finite-size scaling of &,;/M for the quasi-1D modified spinless interacting model with selected bonds.

(a) The y(x) and exponential fitting results for M = 2, 3, 4, 5 in the noninteracting case with V.= 0 and W = 1.9, which is calculated by
ED. (c) The corresponding finite-size scaling of &,,/M for W = 1.87-2.0z. (b) The y(x) and exponential fitting results for M = 2, 3,4, 5
with V = 2.5¢ and W = 1.9¢, which is calculated by DMRG; (d) is the corresponding finite-size scaling of &,,/M for W1.8t-2.0¢. All
disorder realizations are on systems of size M x L with L = 30 under OBC and at filling n = 5/15, and the bond configurations are
shown in Fig. 16. In the site averaging for each sample, the 3 sites nearest to each boundary are excluded to minimize open-boundary
effects. In (c), data points are disorder averages over 5 independent batches of 2000 disorder realizations, and error bars are the standard
errors of the mean across the 5 batch-averaged values. In (d), each point is averaged over 200 realizations, and error bars are standard

errors of the mean obtained from 10 subsets of 20 samples.

We then move on to the interacting case with V = 2.5¢.
Using the SDM framework, we extract the decaying modes
for each disorder strength W and quasi-1D width M
through DMRG calculation. Further computational details
and single-sample benchmarks with ED in the noninteract-
ing case (V =0) are presented in Appendix E 1. The
representative results of y(x) at disorder strength W =
1.9¢ are shown in Fig. 17(b), which retain robust expo-
nential decaying even in the presence of strong repulsive
interaction V = 2.5¢. Additional numerical results of y(x)
and the corresponding exponential fits at other disorder
strengths can be found in Appendix E3. Moreover,
comparing Fig. 17(b) with Fig. 17(a), we found that the
localization length &), at V = 2.5t are all significantly
larger than that at V = O, with the enhancement becom-
ing more pronounced as M increases. For example, we
have &(V =2.51)/&(V =2.5t)~ 1.35, &(V =251)/
E(V =01~ 1.54, &(V =2.51)/&,(V =0t) = 1.68, and
Es(V=2.51)/E(V =0r)~ 1.82 at disorder strength
W = 1.9¢. This directly impacts the finite-size scaling of
Ey/M in Fig. 17(d), where &, still decreases with
increasing W for a fixed quasi-1D width M; but for a
fixed W, &, now increases with system width M. Such
scaling behavior reveals a 2D metallic phase.

All above interaction-induced delocalization effects and
finite-size scaling analysis in the modified spinless
interacting model are fully consistent with that in the
Anderson-Hubbard model discussed in the main text.
Both models supports that the essential competition
between electron-electron interactions and disorder
leads to a delocalization effect. Taken together, these
results provide strong evidence that interaction-disorder
competition can give rise to a metallic phase in two
dimensions.

APPENDIX E: DETAILS OF DMRG
CALCULATIONS FOR INTERACTING SYSTEMS

In this section we provide additional details regarding the
numerical implementation of our method in interacting
disordered systems. We first describe the DMRG parameters
used in the calculations of the spinless 1D interacting model
[Eq. (11)] and the Anderson-Hubbard model [Eq. (13)] in
quasi-1D system with width M = 2, 3, together with bench-
mark comparisons to ED at V =0 (U = 0) for randomly
selected disorder samples. We also present supplementary
results for the quasi-1D Anderson—Hubbard model, includ-
ing y(x) obtained at different disorder strengths W and
interaction strengths U. These results complement the
discussion in the main text and further confirm the accuracy
and robustness of the many-body MDM approach.

1. DMRG parameters and benchmarks

In this work, numerical calculations for interacting
systems are performed using the DMRG method [52], as
implemented in the ITENSOR package [102,103]. We first
describe the DMRG setup used for the spinless 1D
interacting model with on-site disorder. In our calculation,
we consider the systems of size L = 120 at half-filling in
the spinless case. We exploited particle-number conserva-
tion, restricting the system to particle numbers N = 60 and
N =59 in order to compute the two corresponding ground
states |GSy) and |GSy_;). The number of kept states is
sequentially increased following the array [30, 50, 100,
200, 400], in combination with finite-lattice sweeps given
by [80, 80, 80, 80, 10]. From the two ground states obtained

in this way, the SDM is evaluated following Eq. (7), and
the interacting version of the MDM is then constructed
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FIG. 18. Benchmarks results between DMRG and ED for the spinless 1D model with on-site disorder [Eq. (11)] of size L = 120 at

U = 0, W = 2¢ and half-filling under OBC. (a)-(e) y(x) as a function of x for five randomly chosen disorder samples. Red dots are
DMRG results with the number of kept states gradually increased up to 400, while blue dots are ED results. (f)—(j) The scaling of the
ground-state energy difference Epyrg — Egp for |GSy) with truncation error e for the corresponding samples. When performing the site
average, the 20 sites closest to each boundary are excluded to minimize open-boundary effects.

according to Eq. (10). After symmetrization, the slowest-
decaying mode y(x) is extracted from the MDM.

In the case of V = 0, the MDM obtained from DMRG
agrees extremely well with that from ED of the noninteract-
ing Hamiltonian. To benchmark the DMRG results against
ED at the single-sample level, the SDM is averaged over
lattice sites only, without averaging over disorder realiza-
tions. Five disorder realizations are randomly chosen for
comparison. Figures 18(a)-18(e) display y(x) obtained from
both DMRG (red dots) and noninteracting ED (blue dots),
showing excellent agreement. Figures 18(f)-18(j) further
present the scaling of the ground-state energy difference
AE = Epyrg — Egp for |GSy) between DMRG and ED as a
function of truncation error €. All five samples reach € <
107'° with AE < 1078, These results demonstrate that our
DMRG setup converges to the correct ground states in this
model and validate the reliability of the calculations
employed in the interacting case.

We next introduce the DMRG setup for the quasi-1D
Anderson-Hubbard model and present benchmark compar-
isons with noninteracting ED at U = 0 for five randomly
chosen disorder realizations. For the M = 2 system, we
consider system with size 2 x 60 at filling n =4/15,
enforcing both particle-number and spin conservation with
Ny =32, N, =32 for |GSy), and Ny =31, N, =32 for
|GSy_1). The number of kept states is increased sequen-
tially following the array [50, 100, 200, 400, 800, 1000,
1500, 2000, 2500] with finite-lattice sweeps [25, 25, 25, 25,
25,25,5, 5, 5]. Five randomly chosen disorder samples are
computed by both DMRG and noninteracting ED at U = 0.

Figures 19(a)-19(e) show y(x) obtained from the two
methods, exhibiting perfect agreement. Figures 19(f)-
19(j) further display the scaling of the ground-state energy
difference AE = Epyrg — Egp With truncation error e,
which exhibits an almost linear relation with intercepts
close to zero. The final truncation error for all samples is
below 1078,

For the M = 3 system of size 3 x 60 at the same filling
n =4/15, we perform calculations with Ny =48, N| =
48 for |GSy) and Ny = 47, N| = 48 for |GSy_;). Here the
number of kept states is increased following the array [50,
100, 200, 400, 800, 1000, 1500, 2000, 2500, 3000, 4000]
with finite-lattice sweeps [25, 25, 25, 25, 25, 25, 15, 15, 5,
5, 5]. Again, five disorder realizations are randomly chosen
for comparison between DMRG and noninteracting ED at
U = 0. The y(x) results in Figs. 20(a)-20(e) show excellent
agreement between the two methods, while the energy
differences AE scale linearly with truncation error ¢ and
extrapolate to zero, with final truncation errors below 1079,
as shown in Fig. 20. These benchmarks confirm that our
DMRG setup for the quasi-1D systems of width M = 2 and
M =3 yields well-converged ground states and provides
reliable results for subsequent MDM analysis.

We finally introduce the DMRG setup for the quasi-1D
modified spinless interacting model with selected bonds
[Eq. (D1)] and present benchmark comparisons with non-
interacting ED at U = 0 for five randomly chosen disorder
realizations. All calculations are based on the quasi-1D
systems of size M x L with L = 30and M = 2, 3,4, 5 with
OBC and the bond configurations in Fig. 16 at filling
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FIG. 19. Benchmarks for the quasi-1D Anderson—Hubbard [Eq. (13)] model of size 2 x 60 at U = 0, W = 2.5¢ and filling n = 4/15
under OBC. (a)—(e) show y(x) as a function of x for five randomly chosen disorder samples. Red dots are DMRG results with the number
of kept states gradually increased up to 2500, while blue dots are ED results. (f)—(j) The scaling of the ground-state energy difference
Epmrg — Egp for |GSy ) with truncation error ¢ for the corresponding samples. When performing the site average, the 10 sites closest to
each boundary are excluded to minimize open-boundary effects.

n=>5/15. Forthe M = 2, 3, 4, 5 system, we enforce both 100] with finite-lattice sweeps [25, 25, 25, 25, 25, 10] for
particle-number and spin conservation with N = 20, 30, M =2, [20, 20, 30, 30, 50, 50, 100, 200, 300, 400] with
40, 50 for |GSy), and N =19, 29, 39, 49 for |GSy_,), finite-lattice sweeps [25, 25, 25, 25, 25, 25, 15, 15, 5, 5] for
respectively. The number of kept states is increased M =3, [20, 20, 30, 30, 50, 50, 100, 200, 300, 400, 600,
sequentially following the array [20, 20, 30, 30, 50, 50, 800] with finite-lattice sweeps [35, 35, 35, 35, 35, 35, 15,

Anderson-Hubbard M=3
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FIG. 20. Benchmarks for the quasi-1D Anderson-Hubbard [Eq. (13)] model of size 3 x 60 at U = 0, W = 2.5¢ and filling n = 4/15
under OBC. (a)—(e) y(x) as a function of x for five randomly chosen disorder samples. Red dots are DMRG results with the number of
kept states gradually increased up to 4000, while blue dots are ED results. (f)—(j) The scaling of the ground-state energy difference
Epmrg — Egp for |GS)y ) with truncation error ¢ for the corresponding samples. When performing the site average, the 10 sites closest to
each boundary are excluded to minimize open-boundary effects.

011043-28



ANDERSON LOCALIZATION: A DENSITY MATRIX APPROACH

PHYS. REV. X 16, 011043 (2026)

Modified spinless M=5

(a) 1x107 (b) 1x107 (C) 1x1072 (d) 1x1072 (e) 1x102
. e DMRG . e DMRG . e DMRG ®e DMRG | 2.25- ¢ .
. * ED 144 e * ED 254 * ED 1.75 ¢ ED . * EDSIRG
2.0 2004
. 1.2 20d e 150 1754 .
,Ql.Sf * 1.04 . 1.25 . 1.50 ‘e
— . 1.5 . .
= . 1.00 . 1.25 .
1.0 . 0.8 . .
o7 1.0 ¢ eose 0.75-] ot 1.004 R
ces . . : s . Lo, .o,
054 ., 0.6 N . .. 0.504 ve | 0757 ..
* 0.5 i 0,
venee] 0ad ., . N ., | 050 ..,
T T T T T T T T T T T T T T T T T T T
5 10 15 20 5 10 15 20 5 10 15 20 10 15 20 5 10 15 20
f X x X ; x i X
( ) x1076 (g) X105 (h) X105 (I) x10-5 (J) x1075
35 i
6 . P 4 . 4 . 6 y
o] 3.0 »” e rd v
5 y o , o , 5 ,
2 2.5
Lx:u 44 5 54 44
) , 2.0 o o ) N
2 1.5 e N Ve 3 &
SR . . 4 i 27 P
Iy ,,f 1.0 /o 24 24 / a
1 g 0.5 1] 1 H
0 = T T T T 0.0 = T T T T 0 T T 0 T T T T 0 T T T T
o 1 2 3 4 5 00 05 10 15 20 0 2 2 3 4 s o 1 2 3 4 s
€ x10¢ € x1077 € %1077 € %1077 € %1077
FIG. 21. Benchmarks for the quasi-1D modified spinless interacting model with selected bonds [Eq. (D1)] of size 5 x 30 at V =0,

W = 2.0t, and filling n = 5/15 under OBC. (a)—(e) y(x) as a function of x for five randomly chosen disorder samples. Red dots are
DMRG results with the number of kept states gradually increased up to 1650, while blue dots are ED results. (f)—(j) The scaling of the
ground-state energy difference Epyrg — Egp for |GSy > with truncation error ¢ for the corresponding samples. When performing the
site average, the 3 sites closest to each boundary are excluded to minimize open-boundary effects.

15, 15,5, 5, 5] for M = 4, and [20, 20, 30, 30, 50, 50, 100,
200, 300, 400, 600, 800, 1000, 1200, 1500, 1650] with
finite-lattice sweeps [50, 50, 50, 50, 50, 50,35,35,35,

15,15,15,3,3,3,2] for M = 5, respectively. Five randomly
chosen disorder samples for the M = 5 quasi-1D systems
are computed by both DMRG and noninteracting ED at
U = 0, as shown in Fig. 21. Figures 21(a)-21(e) show y(x)

obtained from the two methods, exhibiting perfect agree-
ment. Figures 21(f)-21(j) further display the scaling of the
ground-state energy difference AE = Epyrg — Egp With
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truncation error ¢, which exhibits an almost linear relation
with intercepts close to zero. The final truncation error for
all samples is below 1077

In this part, we present additional results for the quasi-1D
Anderson-Hubbard model, focusing on the y(x) results
corresponding to the finite-size scaling data corresponding

© . W=2.8t
1.2
1‘ e M=2
iy -—- £=3.44
\\‘3 e M=3
: ) o M=4
§\ --— §=5.48
X
\‘\‘
0.4 - \ \‘\
RN
\\ K X3
° ‘e
\'\“ 3‘.&
- 3:
0.0 *“‘ﬁ‘m
T T T T
5 10 15 20
X

FIG. 22. Results of y(x) for the quasi-1D Anderson-Hubbard model at U = Or and filling n = 4/15. (a)-(c) The y(x) together with
exponential fits results for M = 2, 3, 4 in the noninteracting case with disorder strengths W = 2.3¢, 2.5¢, 2.8¢, respectively. These results
are calculated by ED of noninteracting Hamiltonian. All disorder realizations are on systems of size M x L with L = 60 under OBC, and
in the site averaging for each sample, the 10 sites nearest to each boundary are excluded to minimize open-boundary effects. Each curve
is calculated by averaging 8000 disorder realizations.

011043-29



QI, ZHANG, QIN, WENG, and JIANG PHYS. REV. X 16, 011043 (2026)
(a) 1x10™* W=2.3t (b) 1x10™ W=2.5t (C) 1x10% W=2.8t
g ° M=2 157« o M=2 154¢ e M=2
A \ Y
—-- £=6.20 \ --- £,=5.48 ) --- §;=5.18
e o M=3 3 o M=3 '\\ e M=3
\ e, --- E=13.72 \Q ---+ E=10.60 L3 --— E,=8.43
N 3\ 1.0 e 104 W%
— LN PR LN
= A EN 4 Y \ b
— L) % ‘e e ® e
NG ‘e o \ - N e,
‘u e N e o e
0.5 . Se, 0.5 ° -, 0.5 N %
. "o, N N, e
\‘\.‘ \‘\. .‘.*' \‘\. o
ea, ‘.“_‘_‘_..‘ ‘ﬁ‘.._._._._‘

0.0 T T T T 0.0 T T T — 00 T T T T

5 10 15 20 5 10 15 20 5 10 15 20

X X X
FIG. 23. Results of y(x) for the quasi-1D Anderson-Hubbard model at U = 4t and filling n = 4/15. (a)-(c) show the y(x) together with

exponential fits results for M = 2, 3, 4 with disorder strengths W = 2.3¢, 2.5¢, 2.8¢, respectively. These results are calculated by DMRG. All
disorder realizations are on systems of size M x L with L = 60 under OBC, and in the site averaging for each sample, the 10 sites nearest to
each boundary are excluded to minimize open-boundary effects. Each curve is calculated by averaging 100 disorder realizations.

@) 10 W=1.8t (0) .10 W=1.9t ©) e W=2.0t
3.5 Y o M=2 M=2 3.0+ e M=2
a0 ) -—— Fit: §= 3.43 3.0 - Fit: £2= 3.17 ——— Fit: £= 3.01
: e M=3 M=3 40 M=3
. 2.5 - ) 25 ¢
25 ---- Fit: £= 4.76 - Fit: £3= 4.36 ---- Fit: £5= 4.05
\!
k ° M—4 2.0 M—4 2.0 - ! ° M—4
2.0 PN --- Fit: §=5.95 - Fit: £4= 5.56 S --- Fit: £,= 4.99
~ Ve o
] A e M=5 M=5 1.5 }\ e M=5
— \ N8, 1.5 : \ O\
=~ 1.5 LMY -—— Fit: &= 7.47 - Fit: £5= 6.68 \\§\‘ ---- Fit: £5= 5.92
el 1.0 \'\\'2\
1.0+ \\ \.":“ 1.0 . \ \.“
5 e 0 e o awe
\ .\.‘g“\‘ \.‘ AN
0.5 ta it 05 e 7 Ny ~}:1§3:
e, 92gle,%0, A )
o - L
<SR L S| .. il
T T T T T T T T T T T T
5 10 15 20 5 10 15 20 5 10 15 20
(d) 1100 X ©) 110 x M 1xs0e X
‘\ e M=2 e M=2 H o M=2
5] -—— E2=4.49 5] & -—= E=4.29 54 & ——= Ep=4.10
M= \ M= ™ =
\“ 2 —37 13 o 2 —36 72 N e
4 ‘\k‘\ §s=7. 44 e &= 6. a4 - §=16.33
Y o M=4 S o M=4 8 o M=4
‘ \
® o ——— = o —-— = L el £
~ ] RN €= 9.97 , Ry, £=9.33 5 \..\ﬁ\} £,=8.76
< O G, e M=5 Lo e e M=5 (R XY e M=5
< el e ™ % o o m MRS
~ e ‘l___. &= 12.93 VRN \‘\;' -—-+ Es=12.15 RN .\“ - E=11.51
_ e e - 2 & O, o e 2 R NS4S ®
2 a e e _%g L e e e s o e
o_%e o ‘e e_1%4 LN RN
. e .. o e e e, a Rg e %e
\ Q Y () N Q e o e .\. “\ ~e
1 %o e °e 1 LY oy o 14 e, %a, %
- L3 ° . eq, 0y . g tea
*eseoet? Py 2 S P Y
Raat X ¥ 3 X X il ¥ AP
0 0 = o
T T T T T T T T T T T T
5 10 15 20 5 10 15 20 5 10 15 20
X X X
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to the finite-size scaling shown in Figs. 7(c) and 7(d). For
the noninteracting case (U = 0), Fig. 22 shows y(x) at
disorder strengths W = 2.3¢,2.5¢,2.8¢ for bars of width
M =2, 3, 4. In all cases, y(x) exhibits a clear exponential
decay, y(x) ~ e™/%v, from which localization lengths &,
can be directly extracted. Remarkably, even in the presence
of strong Hubbard interactions, y(x) retains a simple
exponential form, as shown in Fig. 23 for M =2, 3 at
U =4t and the same disorder strengths. Moreover, for
fixed M and W, the localization length at U =4 is
significantly enhanced compared to the U = 0 case, dem-
onstrating the delocalizing effect of Hubbard interactions in
disordered systems. This enhancement increases with M,
ultimately leading to the emergence of a correlated metallic
state at finite U and W.

3. Supplementary results for the modified spinless
interacting model

In this part, we present additional results for the quasi-1D
modified spinless interacting model with selected bonds,
focusing on the y(x) results corresponding to the finite-size
scaling data corresponding to the finite-size scaling shown in
Figs. 17(c) and 17(d). For the noninteracting case (V = 0),
Figs. 24(a)-24(c) shows y(x) at disorder strengths W =
1.8¢,1.9¢,2.0¢ for bars of width M = 2, 3, 4, 5. In all cases,
y(x) exhibits a clear exponential decay, y(x) ~ e~*/%», from
which localization lengths &, can be directly extracted.
Remarkably, even in the presence of strong Hubbard
interactions, y(x) retains a simple exponential form, as
shown in Figs. 24(d)-24(f) for M =2, 3,4,5 at V. =2.5¢
and the same disorder strengths. Moreover, for fixed M and
W, the localization length at V = 2.5¢ is significantly
enhanced compared to the U = 0 case, demonstrating the
delocalizing effect of repulsive nearest-neighbor interactions
V. This enhancement increases with M, ultimately leading to
the emergence of a correlated metallic state at finite U and W.
These trends are fully consistent with the physical picture of
interaction-disorder competition in the Anderson-Hubbard
model discussed in the main text.
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