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Interrelation between high-order harmonic generation and above-threshold ionization
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We study the interrelation between high-order harmonic generétietG) and above-threshold ionization
(ATI) in the frequency domain. HHG can be described simply as an ATI followed by laser assisted recombi-
nation (LAR). The plateau reflects mainly the characteristics of LAR. We also study the correspondence
between frequency-domain and time-domain pictures of HHG.
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[. INTRODUCTION HHG. We may also study HHG in the frequency domain.
From this viewpoint, HHG involves a ionization of the elec-

There is much current interest in the multiphoton effectstron from the ground state after absorbing photons from the
occurring when atoms are exposed to high-intensity laselaser field, followed by a return of the electron to the ground
fields. Above-threshold ionizatiofATI) and high-order har- State with harmonic photon emission. Shore and Knight
monic generatiofHHG) have been investigated extensively. have studied the generation of optical harmonics from the
In the ATl process, atoms absorb more photons than théressed photoionization continuum. On the other hand, we
minimum number of photons required by energy conservahave presented a frequency-domain description of HHG
tion, resulting in distribution of the photoelectrons among thethrough quantizing the electromagnetic fi¢&l. In this pa-

ATI channels. Atoms can also emit very high harmonicsper we will show that, from this viewpoint, HHG can be
when interacting with intense laser fields. The HHG is chardescribed simply as an ATl followed by laser assisted recom-
acterized by a rapid drop at low orders, followed by a broaddination (LAR). Moreover, the plateau in the harmonics
plateau where all the harmonics have the same strength, ag@ectrum reflects mainly the characteristics of LAR.

a sharp cutoff at frequendgg + 3.2u,, whereEg andu, are It should be noted that, although we quantize the electro-
the atomic ionization potential and the electron ponderomomagnetic field in our QED treatment of HHG, it does not
tive energy in the laser field, respectively. Since the relationmean that quantized-field effects are important in multipho-
ship between HHG and ATl is fundamental to the under-ton processes. As is well known, effects that are due to field
standing of strong-field laser-atom interactions, attempt§luantization are of relative orderrl/with n the number of
have been made to investigate the relation between these tfigld quanta of the relevant modgd]. Therefore, the
multiphoton effects[1—3]. Eberly et al. [1] suggested a duantized-field effects are extremely small in HHG. Actually,
simple relation between them by comparing the correspondwe will show that the Landau-Dykhne formula which repre-
ing ATl and HHG spectra. Beckeet al. [2] established a sents the quantum-mechanical formulation of the three-step
general formal relation between ionization and HHG.Model can be derived from our theory. We adopt the QED
Kuchiev and Ostrovsk}3] present HHG as an ATl followed approach here because it provides a means to understand
by continuum electron propagation in a laser field and subHHG in the frequency domain, and from this viewpoint the
sequent stimulated recombination back into the initial state connection between ATl and HHG becomes obvious.

The interpretation of HHG processes is usually given by a  This paper is organized as follows. In Sec. Il we study the
three-step semiclassical descriptiptl. In this model, the interrelation between HHG and ATl in the frequency domain.
electron first tunnels from the atomic ground state throughiHG can be described as an ATI followed by LAR. The
the barrier formed by the Coulomb potential and the laseplateau reflects mainly the characteristics of LAR. Numerical
field. Its subsequent motion can be treated classically antgsults also indicate that low ATI channels are essential for
consists of free oscillations driven by the laser field. If thecharacterizing the HHG spectrum. In Sec. lll we establish
electron return to the vicinity of the nucleus, it may recom-the correspondence between frequency-domain and time-
bine and emit a harmonic photon. The three-step semiclassfiomain pictures of HHG. We show that, through purposely
cal model gives very important insight into the physics of theintroducing time variables into the time-independent transi-
cutoff law. However, this model does not relate to the ATItion matrix, the Landau-Dykhne formula which represents
process because the discrete ATl channels do not appe#e quantum-mechanical formulation of the three-step model
within the classical framework. Moreover, it cannot explaincan be derived. Section IV is the discussion and conclusion.

the existence and origin of the plateau. More sophisticated

approaches, which include the effects of quantum tunneling, Il INTERRELATION BETWEEN HHG AND ATI
guantum diffusion, and interference, have been developed '
lately [5,6)]. We consider a quantized single-mode laser field of fre-

The three-step model considers the temporal evolution ofjuencyw with wave vectork and a high-harmonic photon
the electronic wave packet under the interaction of a lighimnode of frequencyw’ with wave vectork’. The Hamil-
field. It can be regarded as the time-domain description ofonian of the atom-radiation system is
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(—ijdgln+j), )

with corresponding energy eigenvaILE%nz(PZ/Zme)Jr(n
+3+ Up)w, is the eigenstate of the electron-laser-mode sub-
:(aTa+aaT)/2 and Né:(arTar_'_arar’r)/z are photon system with Ha_m|lton|arHo.+V. _Here,up=e2A2/mew IS
number operators of the laser and the harmonic photoH1e ponderomqtl\{e energy in units of the _photon energy of
mode, respectively, wita anda’ being the annihilation op- the laser. The limigyn—A (g—0, n—) is the half am-

erators anca’ anda’" the creation operatorg)(r) is the plitude of the classical field. The generalized Bessel func-
atomic binding potential; tions J; are defined in terms of ordinary Bessel functions as

Ho=[(—iV)?%2mg]+ oNa+ »'N} 2)

is the noninteraction part of the Hamiltonian. Heid,

V=—(e/mg)A(r)-(—iV)+(e?/2my)A%(r), ®) T = Z I oD In(m)(—1)ie?™e, (8)

P 2 (—i 2 LAY R
V== (elmeAT(n)- (1V)+(eFmA(N)-A'(r) (4) where {=(2|e|A/m.w)|P-€l, n=(uy/2)cosé, and ¢,

. . . :tan_l[(Py/Px)tan(§/2)](+ ).
are the interaction between the electron and the laser field Considering the first term in Ed5), <q,gn’0|v|¢i> repre-

he h [ de, tively. Here, th t ten- , . .
a_mdt € harmonic mogce, respectively. niere, the vec ,or po ensents the ATl amplitude of the KFRKeldysh-Faisal-Reigs
tials are A(r)=g[eaexp(lk-r)+c.c] and A’(r)

. model [10,11], where the ground-state electron absonbs
=g'[e’a’exp(k’-r)+c.c] for the laser and harmonic —n photons from the laser field and ionizes; whereas
mode, respectively; 9=(20V,) "% 9" (y,|V'|¥Y, o) represents the amplitude of LAR in which the
=(20'V))""% v, and V, are the normalization volumes continuum electron absorbis—n; extra photons from the
of the photon modes= €, cos§/2) +ie€, sin(é/2) ande’ are  field and returns to the bound state by emitting a single pho-
the polarization vectors of the laser mode and the harmoniton of frequencyw’. Now we consider the second term in
mode respectively. We neglect the? term because of its Eq. (5). (‘I’gn,ﬂV’Wi) represents a process where the
weak strength. ground-state electron absorhs—n photons from the laser
The initial and final states of HHG are taken B&)  field and ionizes. At the same time, a harmonic photon with
=[®;(r),n;,00=®;(r)®[n)®|0)" and |¢;)=|Pi(r),n;,1)  frequency 6;—n;)w is emitted.(y| V| WS ) represents a
=®;(r)®|ng)®[1)", which are the eigenstates of the Hamil- process where the continuum electron emits-n photons
tonian Ho+U(r) with eigenenergie€;=—Eg+(nj+3)o  to the laser field and returns to the bound state. From our
+30" andEj=—Eg+(ni+3)w+3w’, respectively, where calculations, the contribution from the second term can be
®;(r) is the ground-state wave function of the atomic elec-neglected because it involves many more photons at the first
tron with binding energyEg, [n;) and|ns) are the Fock step. Therefore, HHG can be described simply as an ATI
states of the laser mode with photon numbgrandn;, and  followed by LAR.
|0)" and |1)’ are those of the harmonic mode. Energy is We consider a hydrogenlike atonE{=13.6 eV) irradi-
conserved throughout the interaction, resultingeif=qw  ated by a linearly polarized Nd:YAGyttrium aluminum gar-
with g=n;—n¢. Then, the transition matrix element for the ney laser @=1.165 eV) of intensity 1.8 10 W/cn?.
gth order harmonic i$8] The corresponding parameters agg=20 andEg/w=11.7.
The ground-stats wave function in the momentumalipace is
assumed to be the Gaussian fofb(|P|) = (47/ a)>"ex
Tm)ziﬂ; [V [W B, (W B o VI ) S(Ei— E(Pn,0)) —(P%2a)] with a=2m.Eg. By neg;?;ltipg t(he seczond t%rm
in Eq. (5), we express Eq5) asT@=3,T(® . Here,
+ (| VIV B D(W R AV | 44) S(E = E(Pn,1)]. ()

T@—j Vw2 NP8 V) S(E —E(Pn,0
The differential rate of emission of a harmonic photon is ¥ Trzp (V7 [W o (W b o VI 91) (B~ B(PN.0)

obtained by squaring the transition matrix element, i.e., (9)
dw vV with n=n;—jo—k+1; jo is the minimum number of pho-
0= (27;)2(1)’2|Tﬁ|2. (6)  tons the atoms need to absorb to achieve ionization. Due to

the ponderomotive shift, we havig=32 for u,=20 and

. .. . Egle=11.7. Physicallyjl'(k(” corresponds to the contribution
In deriving qu' (5), tf})e Iong-wavelgngth approximation IS from thekth ATI channel. Figure 1 presents the HHG spectra
used. HereWp, ,, =Wp,|n’) is the direct product of a quan- for separate ATI channels, where the solid, dashed, dot-
tized Volkov statelfgn and a Fock statb1’> of the harmonic  dashed, and dotted curves corresponkli#d, 3, 8, and 50,
mode with eigenenerg¥(Pn,n’)= Egn+ (n"+3)o’. The respectively. For reference, the ATl spectrum is also given in
guantized Volkov statglQ] the inset. These spectra reflect the characteristics of LAR

063401-2



INTERRELATION BETWEEN HIGH-ORDER HARMONIC . . . PHYSICAL REVIEW A4 063401

EX 3
B >

-
lonization Rate (arb. unit}
3

Ll 50

1 10 20 20
i ATl channel
PR

Harmonic Emission Rate (a.u.)

Harmonic Emission Rate (a.u.)

\ 1 l‘I 1 1 :: 1 1 l‘l 10-23 L . L * L * L

40 60 80 100
Harmonic Order

-23 [ L L |'
10750 40 60 80 100 120 140 160 180 20 20

Harmonic Order

FIG. 3. Harmonic spectra when the contribution from the first
three (thick solid curve, first eight (dashed curve and first 30
(dotted curvg ATI channels are omitted. The thin solid curve pre-
sents the harmonic spectrum that includes all ATl channels. The
corresponding parameters arg=20 andEg/w=11.7.

FIG. 1. Harmonic spectra from separate ATl channels wkith
=1 (solid curve, k=3 (dashed curve k=8 (dot-dashed curye
and k=50 (dotted curvg The corresponding parameters arg
=20 andEg/w=11.7. For reference, the ATI spectrum is given in
the inset.

when the electrons are in different ATI channels. All spectrs@nd first 30(dotted curvg ATI channels are omitted. For
exhibit a plateau followed by a clear cutoff, which occurs at'éference, the HHG spectrum that includes all ATI channels
q=55, 71, 89, and 185 fok=1, 3, 8, and 50, respec- 'S also given(thin solid curvg. When the first three ATI
tively. We then present the HHG spectrum when the contrichannels are omitted, the HHG spectrum shows a plateau
butions from all ATl channels are added up coheretttijck with thg correct cutoff frequency. In contrast, the_ HHG spec-
solid curve in Fig. 2 The cutoff occurs at the 79th harmonic rum displays the wrong cutoff frequency if we disregard the

order. For comparison, we also give the HHG spectrum witHirst eight ATI channels. Figures 2 and 3 indicate that low
a finite number of ATI channels. The thin solid, dashed, dotATI channels are essential for characterizing the HHG spec-

dashed, and dotted curves in Fig. 2 present the HHG spectfg/M- The importance of the low ATI channels for HHG is
when we include oneki=1), three k=1-3), eight k consistent with semiclassical thed#)]. The canonicaldrift)
=1-8) and 50 k=1-50) ATI channels, respectively. These momentum of a free electron moving in a classical field with
curves indicate that only eight ATI channels are required t¢/€10City V is given byP=v+A(t). According to the semi-
characterize the HHG spectrum with correct cutoff. To getclassical theory, the dominant contribution to HHG comes
further understanding of the role of the low ATI channels from electrons that tunnel into the continuum with zero ve-
Fig. 3 presents the HHG spectra when the contribution fron{OCity at a time near the peak of the laser field. They corre-

the first three(thick solid curve, first eight(dashed curye ~ SPOnd to low ATI channels with small values of drift momen-
tum. Our results also indicate that, to obtain a good

convergence at the cutoff region, as many as about 50 ATI
channels should be added up coherently. According to the
semiclassical theory, for a harmonic belonging to the cutoff
there is only one electron trajectory that contributes to the
generation process. The involvement of more than 50 ATI
channels in the cutoff region is attributed to the construction
of the single-electron trajectory from the quantized Volkov
states, which are stationary eigenstates of the system. Similar
results are found when the incident light is elliptically polar-

Harmonic Emission Rate (a.u.)

ized.
102 , IIl. CORRESPONDENCE BETWEEN FREQUENCY-
20 40 60 80 100 DOMAIN AND TIME-DOMAIN PICTURES OF HHG
Harmonic Order In the frequency-domain picture, HHG involves a transi-

FIG. 2. Harmonic spectrum when the contributions from all AT| tion of an electron from the ground state to a quantized-field
channels are added up coherentllyick solid curvé. The corre- Volkov state under the interaction of the laser field followed
sponding parameters ag=20 andEg/w=11.7. Harmonic spec- by a return of the electron to the ground state with harmonic
tra that include onéthin solid curve, three(dashed curye eight ~ photon emission. The emission of the harmonic photon is

(dot-dashed curye and 50(dotted curve ATI channels are also described by a time-independent transition matrix. In con-
presented. trast, the time-domain three-step model considers the tempo-
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ral evolution of the electronic wave packet under the inter- t

action of the light field. In order to clarify the intrinsic S(P-t,t')=J/dt"([P—Ac(t")]Z/2+ Eg)
connection between these two pictures, here we show that, !

through purposely introducing time variables into the time-js the quasiclassical action. In deriving EG.3), the only
independent transition matrix, the Landau-Dykhne formulagpproximation we made is to replace the Fock states;
which represents the quantum-mechanical formulation of the- 1) and|n+j+2) by |n+]). Similarly, the matrix element

three-step model can be derived. _ D™ (t) corresponding to the second term in E§). is
Considering the first term in E¢5), it can be rewritten as
2
e t
D(t)=—iVel(F) g’f dt’f dP

e

1
(@) = ’ 0
T ; <¢-f|v Ei_(H0+V+V’)+iE|\I’Pn'O>

i e
X (WS, o V] ). (10) X(Di|Ag(t)-|iV+ 5 A1) |[P)
To introduce time variables into the above equation, we em- X(P|[iV+eA(t")]|D;yexd —iS(P,t,t")].
ploy the following two identities: (14)
1 The total matrix elemend(t)=D" (t)+ D" (t).
Ei—(Ho+V+V')+ie Equation(13) is the Landau-Dykhne formula in th&- P
. gauge[12], which represents the quantum-mechanical for-
_ _if dt’ exp{—i[E;— (Ho+V+V")+iel(t' —t)} mulation of the three-step model. Physically, an electron ini-
— ! tially in the ground state of an atom makes a transition to the
(11) continuum at time’ with the canonical momentur. The
factor exp—iS(P,t,t")] then describes the motion of the
and electron moving betweeti andt in the laser field. Finally,
the electron recombines at timevith an amplitude equal to
(VWS WS V) (®i|[IV+eA(t)]|P) and emits a harmonic photon.
=(gUT OV (UM W3, o) IV. DISCUSSION AND CONCLUSION
><(\Pgn’0|UT(t’)V(t’)U(t’)|wi). (12 In the frequency domain, HHG is described as a two-step

process. First, a bound electron makes a transition from the
Here U(t)=exp(wtNy) is a unitary operator;V(t") ground state to a quantized-field Volkov state under the in-
=U(t")VUT(t")=(e/mA(t") - [IV+ (e/2)A(t')] and teraction of the laser field. The electron then returns to the
V'(1)=U()V'UT(t)=(e/m)A’-[iV+eA(t)]. In the ground state and emits a harmonic photon. Importantly, each
long-wavelength approximation, the time-dependent vectostage of the process is physidak., no off-energy-shell en-

potential isA(t) = g[ ea exp(—iwt)+c.c]. As pointed out by tities appearand can be described by a simple analytical
Beckeret al. [2], the matrix elemenb(t), which is closely —€xpression. Step-by-step energy conservation is achieved in
related to the ground-state expectation value of the dipol@ll Subprocesses. We may compare the relative merits of the
moment, is the Fourier transform of the transition matrixfrequency-domain and time-domain pictures. The time-

element. With the help of Eq$7), (11), and(12), we obtain ~domain picture investigates the electron trajectories and has
from Eq. (10) the advantage of explaining the cutoff law. In contrast, the

frequency-domain picture has the advantage of establishing
the connection between HHG and ATI. Moreover, the origin

D ()= T@exp —iqut) of the plateau is revealed in the frequency-domain picture,
q i.e., the plateau reflects the characteristics of LAR. Since
e\? t LAR corresponds to the transitions from the quantized-field
= —iVel(H g'f dt'f dpP Volkov state to the ground state, enormous numbers of elec-
e — 0

tron trajectories will be involved. Finally, there is a strong
X(D|[iV +eAt)]|P) trend in the literature to regard the dipole momenf(h) as
a real valug6], i.e., D(t)=D"(t)+[D*(t)]*. On the other
hand, Kuchiev and Ostrovskj3] distinguish between the
initial and the final states of the HHG process and obtain
D(t)=D"(t)+D*(—t). They explain the ternD*(—t) as
xexd —iS(P,t,t")]. (13)  an unnatural sequence of events, in which emission of high
harmonics is followed by absorption of a large number of the
Here, |P)=exp(P-r) represents the electron plane wave ofjaser quanta. In our theory, the underlying physic®of(t)
momentumP; A/ (t)=A[eexp(—iwt)+c.c] is the vector in Eq.(14), derived from the second term in E®), is clear
potential of the classical field; because energy conservation is guaranteed at all steps.

X(PlA(t")-

. € ,
V4 S AL) )
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In our theory, we take a Fock state as the initial state othe classical-field Volkov states has been established from
the light field. Although a coherent state is a more approprithe viewpoint of Flogquet's theor8]. In fact, by making a
ate choice for describing the laser field, it will not affect our unitary transformation of the quantized-field Volkov state,
results. The reason is the following. A coherent statecan e, U(t)|wS,), the time-dependent phase can be recovered.
be expressed as a coherent superposition of Fock states, i.€g derive the Landau-Dykhne formula the Fock staftes
| @y =exp(|a)=7_o(a"/\n!) [n), where|a|® is the average +j+1) and [n+j=2) are replaced byn-+j) when we
pptitonﬂr:umber Ii'? tdhe Iafs?; fi:ahld. Ifdwe rt}a}@) as ths initial  ayaluate the matrix elementéy,|UT(t) V' (1)U (1)| S, o)
state, the amplitude of thgth order harmonic becomes 0 Tl ' N ’
exp(—|aA=i_,, (@n!) TY, whereTY is the transition ma- and <\P-P”'°|U-(t VEHU(t )W/'} d Eq. (12). From the

o QED viewpoint, however,|n+j), |[n+j=1), and |[n+j
trix element for thegth order harmonic when the initial state +2) are different states even though-% becausen+
is |n). Here, the lower limit of the summation is replaced by + 1|n+j)=(n+j=2n+j)=0.
a large numben, since the probability of finding the coher- In conclusion, we study the interrelation between HHG
ent statd «) in the n-photon state shows a Poisson distribu-3nq ATI in the frequency domain. HHG can be described
tion with uncertainty equal to the square root of the averaggjmply as ATI followed by LAR. The plateau reflects mainly
photon number; therefore, the contribution to HHG fromhe characteristics of LAR. We also study the correspondence

states with small photon numbers can be neglected. In thgetween frequency-domain and time-domain pictures of
large photon number approximatioff! equalsT(@, which is HHG.

dependent on the average photon number of the laser field,

while it is independent of the particular initial photon num-
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