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We report a close correlation between the dynamic behavior of serrated flow and the plasticity in

metallic glasses (MGs) and show that the plastic deformation of ductile MGs can evolve into a self-

organized critical state characterized by the power-law distribution of shear avalanches. A stick-slip model

considering the interaction of multiple shear bands is presented to reveal complex scale-free intermittent

shear-band motions in ductile MGs and quantitatively reproduce the experimental observations. Our

studies have implications for understanding the precise plastic deformation mechanism of MGs.
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Understanding the plastic flow of materials in the con-
text of nonequilibrium statistic mechanics has received
considerable interest [1,2]. For crystalline solids, their
plastic deformation is a complex inhomogeneous process,
and the dislocation motions are characterized by scale-free
and intermittent avalanches [3,4], which are reminiscent of
the concept of self-organized criticality (SOC) [5].
Metallic glasses (MGs) have a disordered atomic micro-
structure which is completely different from that of crys-
talline materials. The plastic deformation of MGs at room
temperature is accomplished via highly localized nano-
scale shear bands [6,7], which manifest as serrated flow
behavior in stress-strain curves. The plasticity of MG
relates to some properties [8,9] or testing conditions [10],
and useful criteria were proposed to predict the ductility of
MGs, while the plasticity of MGs is an intrinsically dy-
namical phenomenon and should be closely related to the
dynamical features. Extensive investigations have shown
that MGs exhibit a ubiquitous serrated flow behavior with
dynamic characteristics in the plastic deformation regime
[11–14]. In this Letter, we find that the macroscopic plas-
ticity of MGs correlates closely with the dynamical behav-
ior of serrated flows. A stick-slip model considering the
interaction of multiple shear bands is constructed for quan-
titatively reproducing the basic experimental observations.

The homologous cylindrical MG rods (2 mm in diame-
ter) were prepared by arc melting and copper mold casting
[15]. Compressive cylindrical specimens were cut out of
the as-cast rods with an aspect ratio of 2:1. Mechanical
tests were carried out at room temperature in an Instron
electromechanical 3384 test system. The parameters were
measured and digitally stored at a frequency of 50 Hz.
Figure 1(a) shows stress-strain curves of eight typical
MGs. All the curves exhibit serrated flow behaviors char-
acterized by repeated cycles of a sudden stress drop [high-
lighted in Fig. 1(b)] followed by reloading elastically.
Their mechanical properties are summarized in Table I.
These MGs can be divided into two distinct groups ac-
cording to their plasticity. The first group (the first four
alloys in Table I) shows limited plasticity ("p < 5%), and

the latter four MGs with large plasticity ("p > 10%) com-

pose the second group. Figure 1(c) contrasts the segments
of stress-strain curves at the same strain range for typical
brittle Zr52:5Ti5Cu17:9Ni14:6Al10 (Vit105) and ductile
Cu47:5Zr47:5Al5. The serrations for the ductile MGs display
various sizes, which are more complex than those in the
first group. To quantify this, we measured the amplitude of
stress drop associated with each serration and analyzed its
statistical properties for individual deformation curves in
the plastic regime. Before the statistics, a normalization of
stress drop magnitude is deemed necessary as the strain
causes a systematic ‘‘shift’’ of the statistics. Using a linear
regression fit through a stress drop size vs strain diagram,

��s¼fð"Þ, the distribution of the normalized stress drops,
s ¼ ��s=fð"Þ, was considered. We note that some tiny
stress undulations induced by the vibration of the cross
head of testing machine appear on the serrations events and
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FIG. 1 (color online). (a) Strain-stress curves (strain rate ¼
1� 10�4=s) of typical MGs listed in Table I. The inset is an
enlarged elastic part showing the stress vibrations due to the
testing machine. (b) Enlarged serrations in region I, showing the
stress drop of a serration. (c) Comparison of the serrated flows of
Vit105 and Cu47:5Zr47:5Al5 MGs at the same strain range. (d) An
example of stress vibrations due to the testing machine by
subtracted the linear fitting from the stress-time curve in the
elastic range for Cu47:5Zr47:5Al5.

PRL 105, 035501 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
16 JULY 2010

0031-9007=10=105(3)=035501(4) 035501-1 � 2010 The American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.105.035501


the elastic deformation range [17] [insets in Figs. 1(a) and
1(b)]. By subtracting the linear fitting part from the elastic
deformation range [see Fig. 1(d)], the stress vibrations are
no more than 0.5 MPa. Thus, the serrations with ��s <
0:5 MPa are not counted in our statistics.

The distribution histograms of stress drops for two typi-
cal MGs are shown in Fig. 2. One can see that the distri-
bution closely correlates with the plasticity. For Vit105, the
distribution histograms display a peak shape which is
similar to a chaotic dynamics of jerk flow in single crystals
[18]. The time series analysis to the deformation curves for
the MGs in the first group by calculating the correlation
dimension and the Lyapunov spectrum indeed confirm the
chaotic dynamics for these alloys [19]. The dominant
deformation mode of these brittle MGs is a primary single
shear band along the principal shear plane, and few sec-
ondary shear bands can be observed. The relation between
the serrated flows and the single shear band moving in the
brittle MGs has been extensively studied [10,13,17], and a
stick-slip model can give the relation between the shear
step size of single shear band and the load drop [20], while
in plastic MGs the load often induces simultaneous for-
mation and interaction of multiple shear bands [21]. The
serrations of the ductile MGs such as Cu47:5Zr47:5Al5 are
more complex and display a monotonically decreasing
distribution in sharp contrast with that of brittle MGs
such as Vit105 (Fig. 2). We then focus on the dynamics
of those complex ductile MGs in this work. To quantify the
statistical data, the distribution density DðsÞ ¼ ð1=NÞ�
½�NðsÞ=�s� was calculated. Here �NðsÞ is the number of
stress drops whose normalized magnitude falls into the
interval (s� �s=2, sþ �s=2), and N is the total number
of drops. For large s, a variable width of the interval �swas
used as the number of data points becomes progressively
small. The calculated DðsÞ for Cu47:5Zr47:5Al5 can be well
described by a power-law distribution DðsÞ � s�� with an
exponent� ¼ 1:49, as shown in Fig. 3. The slight scatter of
the data points at larger s may arise from the finite-size
effect [5]. Similar behavior is also found in other ductile
MGs with the calculated � in the range of 1.3–1.5 (see
Table I).

Previous studies [11–14,20] have shown that the stress
drop in serrated flow of MGs arises from the rapid sliding

of shear bands, and its amplitude can be used as a measure
of the size of plastic event or avalanche during the defor-
mation. The shear displacement rate during the plastic
event is measured to be �10�4 ms�1 [11], which is 2
orders larger than our loading rate (4� 10�7 ms�1), sug-
gesting that the stress loading process, which is much
lower than the internal relaxation process, is an external
slow driving force. In addition, the large plasticity of MGs
indicates the formation and interaction of multiple shear
bands during plastic deformation [21]. The power-law
distribution of plastic avalanches and a large number of
interacting entities (shear bands) as well as the external
slow driving forces suggest that the plastic deformation of
ductile MGs should be considered in the framework of the
SOC [22]. We emphasize that the emergence of SOC is
closely related to the ductility of MGs. When the ductility
of Vit105 was improved by pretreatment [16], its dynamics
of serrated flow also changed from chaos to SOC (see
Table I). The SOC, which has been observed in many
complex systems in various fields [22], means that the

TABLE I. The yielding stress �y, plastic strain "p for the MGs imposed to strain rate 1� 10�4, their dynamics of serrated flow, and
the power-law exponent �.

MG label MG �y (MPa) "p (%) � Dynamics of serrated flow

A Zr41:25Ti13:75Ni10Cu12:5Be22:5 (Vit1) 1600 1.50 � � � Chaos

B Zr52:5Ti5Cu17:9Ni14:6Al10 (Vit105) 1740 2.26 � � � Chaos

C Zr57Nb5Cu15:4Ni12:6Al10 (Vit106) 1650 3.32 � � � Chaos

D Zr61:2Cu15:75Ni13:05Al10 1703 4.56 � � � Chaos

E Vit105 (pretreated [16]) 1980 18 1.41 SOC

F Cu47:5Zr47:5Al5 1810 10.9 1.49 SOC

G Zr62Cu15:5Ni12:5Al10 1765 11.5 1.48 SOC

H Zr64:13Cu15:75Ni10:12Al10 1532 >30 1.37 SOC
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FIG. 2 (color online). (a) Number of stress drops NðsÞ vs the
normalized stress drop magnitude s for (a) Vit105 and
(b) Cu47:5Zr47:5Al5 MGs.
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system can buffer against large changes, although not
completely immune to them, and endure intervention as
any external impact on such a complex system is dissipated
throughout the networks of connected participants. Thus,
SOC dynamics can result in a large stable plastic range for
ductile MGs. The result may have implication for explor-
ing MGs with large plasticity.

The emergence of the SOC state indicates that one must
consider the effect of shear-band interaction on the dynam-
ics behavior during the deformation of ductile MGs. The
stick-slip model [20] for single dominant shear band during
the deformation of MGs considered a closed system con-
sisting of a MG sample and an elastic spring representing
the influence of testing machine, which provides a basic
picture of single shear-band instability process of MGs.
Here we extended the model to multiple shear bands by
considering their interactions. Directly calculating the in-
teraction of multiple shear bands is extremely complex as
every shear-band sliding causes the stress redistribution
and affects other operating shear bands. We consider a
system consisting of N blocks of equal effective mass M,
as illustrated in Fig. 4. Each block is loaded independently
by an elastic spring with strength k at a slowly constant rate
v and connects to its two neighbors by springs of strength
kc. Thus, the shear-band sliding of one block only has
elastic interaction to its two neighbors via the connecting
springs, and the kinetic equation is

½kðvt�xiÞþkcðxiþ1þxi�1�2xiÞ��fð _xiÞ��d
2

4
¼M €xi;

(1)

where d is the sample diameter, _xi is the shear sliding
displacement of the ith block, and _xi and €xi are its first
and second derivatives, respectively. By a comparison with
the kinetic equation in Ref. [20], we obtained k ¼
E=Lð1þ SÞ, where L is the sample height, E is the
Young’s modulus, and S is the stiffness ratio of sample to
the testing machine. �f is the shear resistance along the

shear plane. When the driving forces exceed the static

shear resistance for one block, shear sliding will occur
corresponding to the formation of one shear band. �f is

a complex function of the strain rate and temperature in the
shear band [20]. As the temperature rise is also dependent
on strain rate, we assume �f is only a function of _xi and in

the simple form �f ¼ �f0=ð1þ A _xiÞ, with �f0 taken as

the yielding strength of sample and A being a constant. For
typical Zr-based MGs, we choose A ¼ 5, meaning that
when the sliding speed _xi is 0:002 m=s, the drop of �f is

�20 MPa and the calculated temperature rise �T
[�fðTÞ ¼ �fðTRÞ � AE�T=Tg [23]] is about 15 K consis-

tent with the results in Ref. [20]. Although the form of
�fð _xiÞ is taken a little arbitrarily, we will show below that

the key point is the negative strain rate sensitivity of �f,

not its form, playing the dominant role in the dynamics of
shear bands.
Equation (1) has a uniform solution in which all shear

bands slide at the loading rate v: xi ¼ vt� 1
k �fðvÞ. This

solution is unstable to both uniform and spatially varying
perturbations in x. A straightforward linear stable analysis
suggests that all Fourier modes grow exponentially, and the
sufficient condition for the instability is d�f=d _xj _x¼v < 0.

Equation (1) also has periodic solutions in which the
system alternatively sticks and slides, as if it were a single
block when the initial conditions are spatial homogenous.
The solution is unstable to spatial variations also due to
d�f=d _x < 0. We then solved Eq. (1) numerically for vari-

ous values of kc (kc ¼ 0:1k, 0:25k, 0:5k, and 0:8k) and
system size up to N ¼ 200. The values of materials pa-
rameters are chosen for the typical Zr-based MGs [24].
Generally, we start the system at t ¼ 0 with small spatial
inhomogeneity and used the period boundary conditions.
After elastically deformed for a period �e ¼ �f0=kv, the

system entered into the plastic deformation regime in
which we observed a wide range of events corresponding
to the rapid shear-band motions. Some events are illus-
trated in Fig. 5(a) in the form of graphs of _xi as a function
of positions i and t. Except for small events involving only
one sliding of a block, large events in which several blocks
participated can also be observed, indicating cooperative
shear-band sliding. And these sliding events appeared in an
intermittent, trigger-aftershock pattern in which small
events lead to smoothing in a larger scale, resulting in
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FIG. 3 (color online). Log-log plot of the density distribution
DðsÞ vs normalized stress drop magnitude s for Cu47:5Zr47:5Al5,
which can be fitted by a power-law scaling with � ¼ 1:49.

FIG. 4. Schematic diagram of the stick-slip model incorporat-
ing the interaction of multiple shear bands for ductile MGs.
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larger events later on, similar to what happened in the fault
dynamics [25].

For a deformed MG with multiple shear bands, its
instantaneous displacement of the sample head is deter-
mined by the shear band with the fastest sliding rate, so the
stress drop due to the sliding event in our model can be
calculated by �� ¼ k

R
eventð _ximax � vÞdt, where _ximax is

the maximum sliding rate among the blocks involved in the
sliding events at t. The statistics of �� for our numerical
results can be well described by a power-law distribution
for different system sizes, as exemplified in Fig. 5(b) at
kc ¼ 0:8k with the fitting exponent � ¼ 1:42, which falls
into the experimental range of 1.3–1.5, suggesting our
model captures the basic features of plastic deformation
of ductile MGs. Other kc yield similar results except for the
weak kc ¼ 0:1k, which deviates from the power-law dis-
tribution, confirming the interaction of shear bands is the
governing factor in their dynamics. Similar numerical
solutions are also obtained in other ductile MGs. The
power distribution of �� reveals that the shear-band mo-
tions in ductile MGs are in a complex, scale-free intermit-
tent fashion and verifies the SOC behavior of our

observations. Our model has a very similar form with
that of fault dynamics [25], and the plastic deformation
of ductile MGs could be used as a laboratory system to
mimic earthquakes.
In summary, we demonstrate by both experimental stud-

ies and theoretical analysis that the plastic deformation of
ductile MGs can evolve into a self-organized critical state
characterized by intermittent power-law distributed shear
avalanches. Our studies suggest that the shear-band inter-
actions should be considered in understanding of the dy-
namics behavior of deformation in ductile MGs.
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FIG. 5 (color online). Numerical solutions for the stick-slip
model of multiple shear bands. (a) Sliding speed _xi vs the
position i and time t for N ¼ 50 and kc ¼ 0:8k, showing sliding
events of various sizes. (b) The probability distributions Pð��Þ
of stress drops for different system size at kc ¼ 0:8k, well fitted
by a power law Pð��Þ �����. The inset shows the maximum
sliding speed _ximax with t for N ¼ 200. The parameters used
are E¼90GPa, �f0 ¼ 2:0 GPa, M ¼ 20Kg, v ¼ 4:0�
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