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We report the existence of algebraically localized eigenstates embedded within the continuum spectrum
of 2D non-Hermitian systems with a single impurity. These modes, which we term algebraic states in
continuum (AICs), decay algebraically as 1=jrj from the impurity site, and their energies lie within the bulk
continuum spectrum under periodic boundary conditions. We analytically derive the threshold condition
for the impurity strength required to generate such states. Remarkably, AICs are forbidden in Hermitian
systems and in 1D non-Hermitian systems, making them unique to non-Hermitian systems in two and
higher dimensions. To detect AICs, we introduce a local density of states as an experimental observable,
which is readily accessible in photonic and acoustic platforms.
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Introduction—The distinction between localized and
extended states, which determines essential properties such
as conductivity, is fundamental to understanding diverse
phases of matter [1–3]. In Hermitian systems, localized
states typically have discrete energies and are separated from
the continuum of extended scattering states [4]. An excep-
tion to this rule is the bound state in the continuum (BIC), a
localized state whose energy resides within the continuum
spectrum. BICs in Hermitian systems are structurally fragile
and typically require fine-tuning of system parameters. This
fragility arises from the necessity for BICs to decouple from
surrounding extended scattering states to remain localized.
Such decoupling often relies on symmetry protection or
interference-based mechanisms. For example, an odd-parity
BIC can remain localized if the continuum states have even
parity, preventing hybridization due to symmetry mismatch
[5]. Moreover, BICs in Hermitian systems exhibit exponen-
tial localization in arbitrary space dimensions. These limi-
tations and characteristics motivate us to investigate BICs in
non-Hermitian systems [6–20] through the following ques-
tions: (i) Is there a universal mechanism for the emergence of
BICs in non-Hermitian systems that does not rely on
symmetry protection or fine-tuning? (ii) What is the locali-
zation behavior for such BICs in non-Hermitian systems?.
The questions above are both reasonable and compelling,

given the fundamental differences in two key aspects between
Hermitian and non-Hermitian systems: spectral structure
and wave function localization. Unlike Hermitian systems,
where the energy spectrum lies along the real-energy axis,

non-Hermitian systems typically feature complex energy
eigenvalues that can span a finite area in the complex plane
[21]. This results in a fundamentally distinct spectral structure
and density of states, beyond the constraints of Hermitian
systems. Moreover, non-Hermitian systems often exhibit the
non-Hermitian skin effect (NHSE), where a macroscopic
number of eigenstates become localized at system’s bounda-
ries [21–46]. Importantly, the non-Hermitian skin effect can
exhibit either exponential or algebraic localization, depending
on spatial dimensionality and other factors [24,39,47,48].
Although the non-Hermitian skin effect typically requires
fully open boundaries, a single impurity that weakly breaks
translational invariance can still exhibit localization behavior
related to the skin effect. These key factors lead to the
emergence of algebraic states in continuum (AICs) in non-
Hermitian systems, which are fundamentally distinct from
BICs in Hermitian systems.
We first analytically investigate the emergence of AICs

in a two-dimensional continuum model with a delta-
function impurity potential. Our analysis shows that the
appearance of AICs requires only that the system’s Bloch
spectrum spans a finite area in the complex-energy plane,
indicating that AICs are a generic feature of non-Hermitian
systems, without the need for fine-tuning. We further
demonstrate that AICs can arise in periodic-boundary
lattice systems in the thermodynamic limit and derive
the threshold condition for the impurity strength required
to induce them. Beyond these isolated AIC states, we find
that the continuum states are modified into a coherent
superposition of plane waves and AIC components.
Additionally, a pronounced peak in the local density of
states (LDOS) appears at the AIC energy, exhibiting a
resonancelike feature reminiscent of Hermitian systems.*Contact author: cfang@iphy.ac.cn
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Here we emphasize how AICs differ from other locali-
zation phenomena. In Hermitian 2Dmedia, a point scatterer
generates an outgoing cylindrical wave with envelope
jψ scj ∼ r−1=2; this follows from flux conservation (constant
2πrjr) or, equivalently, from the Hankel and stationary-
phase asymptotics of integrating over the one-dimensional
constant-energy contour [49]. By contrast, in our non-
Hermitian setting where the Bloch spectrum covers a finite
area in the complex-energy plane, a single impurity yields
AICs whose envelope is algebraically localized, with the
form of jψ j ∼ r−1. The change of exponent is tied to k-space
geometry: the non-Hermiticity reduces the constant-energy
manifold from a 1D curve to isolated points.
Moreover, while both NHSE and AICs depend on the

same bulk criterion, i.e., a finite spectral area under periodic
boundary conditions (PBC) [21], AICs are nontopological
in nature. AICs require neither point-gap topology nor
dislocations, remain Oð1Þ in number, and display the
characteristic r−1 profile. Thus AICs are fundamentally
different from other topologically originated localization
phenomena in non-Hermitian systems. For example, the
dislocation induced non-Hermitian skin effect [50–54],
which is a topological response of point-gapped bands,
is triggered when the Burgers-vector line B · k ¼ π winds
nontrivially, and produces OðLÞ exponentially localized
modes at the dislocation core(s).
Algebraic states in continuum with a delta-type potential

—Consider a two-dimensional non-Hermitian Hamiltonian
H0ð−i∂x;−i∂yÞ with a delta-function impurity potential
V ¼ λδðx; yÞ, where λ∈C in general. The eigenvalues form
a continuous spectrum in the thermodynamic limit. In
Hermitian systems, a given energy E0 inside this con-
tinuum typically corresponds to a continuum of momentum
solutions: the momentum-space solution set,

SðE0Þ ≔ fpjE0 ¼ H0ðpÞ;p ¼ ðpx; pyÞ∈BZg; ð1Þ

forms a continuous contour in BZ. In contrast, for non-
Hermitian systems whose spectrum spans a finite area in
the complex-energy plane, SðE0Þ is discrete [21]. This
difference in k-space structure underlies the emergence
of AICs.
For simplicity, we assume that E0 ¼ H0ðp0Þ is non-

degenerate and take p0 ¼ 0. A first-order expansion
H0ðpÞ ≈ E0 þ ð∂px

H0Þpx þ ð∂py
H0Þpy reduces the eigen-

value equation to

½−i∂x − ia∂y þ λ̃δðx; yÞ�ψðx; yÞ ¼ 0; ð2Þ

where λ̃ ¼ λ=∂px
H0jp¼p0

, and a ¼ ∂py
H0=∂px

H0jp¼p0
is a

nonreal number. The fact that Im a ≠ 0 means that the
system’s spectrum around E0 locally occupies a finite area
and vice versa. Equation (2) can be solved via Fourier
transform, yielding

ψðx; yÞ ¼ λ̃ψð0; 0Þ
2πi

Z
dkxdky

eikxxþikyy

kx þ aky
: ð3Þ

Without loss of generality, we assume Im
ðaÞ > 0; x > 0; y > 0. Evaluating Eq. (3) by residue theo-
rem [55], we obtain

ψðx; yÞ ¼ λ̃ψð0; 0Þ 1

y − ax
∝
cðθÞ
r

: ð4Þ

Notably, Im a ≠ 0 is crucial for the algebraic localization,
which is guaranteed by the finite-area condition for
continuum spectrum, thus making AICs unique to non-
Hermitian systems in two and higher dimensions. In the
Hermitian case, where a∈R, the integral in Eq. (3)
diverges, indicating the absence of such AIC solutions.
This also aligns with the established theorem that BICs
cannot arise in Hermitian systems with spatially confined
impurity potentials [5,57]. Notably, as the system transi-
tions from Hermitian to weak non-Hermitian, AICs emerge
once the spectrum acquires any finite area, and cðθÞ in
Eq. (4) is controlled by Jacobian of H0 at p0, i.e.,
maxθjcðθÞj ∝ Jðp0Þ−1 [55].
Note that, while we focus on delta-type potentials in two

dimensions here, algebraic decay is in fact a generic feature
of non-Hermitian systems in dimensions d > 1. It arises
from two ingredients: (i) the continuum spectrum occupies a
finite region in the complex-energy plane, and (ii) breaking
translational invariance. Both conditions remain valid in
higher dimensions and formore realistic impurity potentials,
provided that their tails decay sufficiently fast (e.g., screened
Coulomb or Gaussian potentials). Dimensionality, however,
changes the decay exponent. In the general d > 1 dimen-
sional case, AICs generally decay as r−ðd=2Þ with r−1 as an
exception for specific directions. We provide a detailed
derivation concerning the above points in Supplemental
Material [55].
Lattice implementation and Green’s function—The alge-

braically decaying state described above can be explicitly
established in a latticemodel.We consider a two-dimensional
non-Hermitian tight-binding Hamiltonian H0 with PBC,
perturbed by a single on-site impurity at the origin, λj0ih0j
with λ∈C. The full Hamiltonian is

Ĥ ¼ Ĥ0 þ λj0ih0j; λ∈C: ð5Þ

Using the Green’s function method [55,58,59], the eigenstate
jψiwith eigenvalueE0 can be related to the Green’s function
Ĝ0ðEÞ ¼ ðE − Ĥ0Þ−1 as

hxjψi ¼ λhxjðE0 − Ĥ0Þ−1j0ih0jψi: ð6Þ

Inserting the resolution I ¼ P
k∈BZ jkihkj and denoting the

Bloch Hamiltonian by H0ðkÞ ¼ hkjĤ0jki;k ¼ ðkx; kyÞ,
we have
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G0ðE0;xÞ≔ hxjðE0 − Ĥ0Þ−1j0i ¼
X
k∈BZ

hxjkihkj0i
E0 −H0ðkÞ

: ð7Þ

Since thespatial profileψðxÞ=ðλψð0ÞÞ correspondsdirectly to
G0ðE0;xÞ, we use these two quantities interchangeably.
We first focus on AICs and their spatial profiles. In the

thermodynamic limit, the summation over k in Eq. (7) can
be replaced by an integral [60]. In contrast to the Hermitian
case, where SðE0Þ forms a one-dimensional contour, and
the associated singularity produces scattering states, in the
non-Hermitian case the set SðE0Þ is discrete [Fig. 1(a)] and
no divergence occurs, as discussed above. These discrete
momenta dominate the Green’s function behavior at large
jxj. Thus, Eq. (7) can be approximated by expanding
around these isolated solutions k0 ∈ SðE0Þ,

X
k0 ∈ SðE0Þ

cðk0Þeik0·x

Z
d2k

eik·x

kx þ aðk0Þky
; ð8Þ

where cðk0Þ ¼ −ð2πÞ−2ð∂kxH0Þ−1jk0
, and aðk0Þ ¼

ð∂kyH0=∂kxH0Þjk0
. Each term in Eq. (8) reproduces the

continuum solution for the delta impurity given by Eqs. (2)
and (3), so the eigenstate is a superposition of algebraically
localized components, modulated by phase factors eik0·x.
A numerical illustration is shown in Fig. 1. The model

is chosen as H̃0ðkÞ ¼ 0.6eikx þ 0.4e−ikx þ 0.7ieiky þ
0.4ie−iky with energy E0 ¼ −0.21þ 0.98i. Two discrete
peaks in Fig. 1(a) correspond to two singular points,

kð1Þ
0 ≈ ð1.57; 0.78Þ;kð2Þ

0 ≈ ð2.00;−0.76Þ, each giving rise
to an algebraically localized component, as demonstrated in
Figs. 1(b) and (c). Numerical simulations (green points)
show excellent agreement with the analytic results derived
in Eq. (8) (solid curves). The algebraic decay of the profile
can be verified in the log-log plot [Fig. 1(d)]. We emphasize
that for jxj ≫ 0, the spatial profile is dominated by the
singularity points, and the contribution from other detailed
features, for example, the finite local maximum around
k0 ≈ ð−1.6; 0Þ in Fig. 1(a), can be neglected.
In Supplemental Material [55], we demonstrate that the

same result can be derived through asymptotic analysis as
jxj → ∞. Specifically, we present a concrete example in
which the algebraic decay emerges naturally by applying
standard asymptotic expansion techniques to Green’s
function.
Threshold eliminated by Bloch saddle point—Now that

the existence of algebraic impurity states in the continuum
has been established, let us investigate the impurity strength
threshold required to induce such states.
Evaluating Eq. (6) at x ¼ 0, we define

fλðEÞ ≔ λ−1 −G0ðE; 0Þ; ð9Þ

and denote PðλÞ ¼ fEjfλðEÞ ¼ 0g. It follows that an AIC
with energyE0 is excited by an impuritywith strength λ only
when E0 ∈PðλÞ, and its spatial profile is given by Eq. (8).
Thus, the number of AICs excited is given by the cardinality
of PðλÞ, which is Oð1Þ. Furthermore, this requirement
defines a function relating the impurity strength λ and the
energy E of AIC, i.e., λðEÞ ¼ G0ðE; 0Þ−1, with E in the
continuum spectrum of Ĥ0.
Since G0ðE; 0Þ is continuous for E in the continuum

band, λðEÞ is also continuous there [61]. Consequently, the
image set, fλðEÞjE ¼ H0ðkÞ;k∈BZg, forms a connected
region in the complex plane. Physically, for a given system,
only an impurity with strength λ inside the image set of
λðEÞ can generate an AIC.
Thus, if the image set of λðEÞ covers the origin, i.e.,

λðEcÞ ¼ 0, or equivalently, the integral for G0ðEc; 0Þ
diverges, for some Ec, no threshold impurity strength is
required. Otherwise, there exists a finite threshold strength,
explicitly given by mink jλðH0ðkÞÞj, necessary to induce
the algebraically localized states.
As discussed above, the integral defining G0ðE; 0Þ is

convergent if the gradient of H0ðkÞ, ∇H0ðkÞ, is nonzero
for all k [62]. Conversely, Ref. [59] demonstrates that the
integral diverges at the Bloch saddle point [BSP, kc such
that ∇H0ðkcÞ ¼ 0] if BSP exists [63].
Physically, this implies that a finite impurity threshold is

required to induce algebraically localized states if and only
if the group velocity,∇H0ðkÞ, is nonzero everywhere in the
Brillouin zone.
AIC as scattering wavefunction—In the Hermitian case,

resonance provides a route to obtain localized, but unstable,

(a) (b)

(c) (d)

FIG. 1. AIC with E0 ¼ −0.21þ 0.98i in model Hamiltonian
H̃0ðkÞ ¼ 0.6eikx þ 0.4e−ikx þ 0.7ieiky þ 0.4ie−iky . (a) The abso-
lute value of momentum-resolved Green’s function,
jE0 − H̃0ðkÞj−1. The two peaks represent two momentum sol-

utions, kð1Þ
0 ≈ ð1.57; 0.78Þ;kð2Þ

0 ≈ ð2.00;−0.76Þ. The spatial pro-
file G0ðE;xÞ along the x axis in (b) and along the x ¼ y direction
in (c). The green points are calculated from direct numerical
integration of Eq. (7), and the red solid line is the asymptotic
approximation calculated from Eq. (8) with the singularity

points kð1Þ
0 ;kð2Þ

0 . (d) The log-log plot of the spatial profile along
the x axis.
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scattering states in the continuum spectrum [1]. Similarly,
in non-Hermitian systems, the general solution of the
eigenvalue problem for the Hamiltonian in Eq. (5) can
be expressed as

jψki ¼ jki þ ðE − Ĥ0Þ−1V̂jψki; ð10Þ

where jki is a plane wave with eigenvalue E. Here, we omit
�i0þ prescription in Green’s function that distinguishes
ingoing and outgoing limits in Hermitian scattering. More
precisely, in higher-dimensional non-Hermitian systems
with area-type spectrum, the elements of Green’s function
in position space are well defined, i.e., hrjðE − Ĥ0Þ−1jr0i is
finite and decays algebraically as jr − r0j−1 for all r; r0 and
E within the continuum spectrum, as shown above.
Physically, �i0þ can be understood as the on-shell con-
straint during the scattering process via the Sokhotski-
Plemelj formula [49,55]. In the non-Hermitian case, this
on-shell constraint no longer holds in the absence of energy
conservation.
For each plane wave jki, Eq. (10) defines a correspond-

ing solution jψki, thus it describes all continuum states of
perturbed system Ĥ [55]. Furthermore, by specifying V̂ ¼
λj0ih0j in Eq. (10) and evaluating it with hx ¼ 0j, one gets
λψkð0ÞfλðEÞ ¼ h0jki. And thus Eq. (10) can be reduced
into

jψki ¼ λψkð0Þ
�
fλðEÞ

jki
h0jki þ Ĝ0ðEÞj0i

�
: ð11Þ

Once one recognizes jAICi ¼ Ĝ0ðEÞj0i as the AIC part,
one can show that all states in the continuum spectrum can
be written as a superposition of the plane wave part and the
AIC part. And there are specific states with energy E such
that fλðEÞ ¼ 0, i.e, no plane wave part and fully algebrai-
cally localized. Those specific states are exactly AICs as we
discuss in previous Sections. In Supplemental Material

[55], we provide a more detailed discussion of the finite
lattice case.
In Fig. 2, an illustration of the structure of perturbed

bulk eigenstates is presented. Figure 2(a) shows the
spectrum of H̃0 on an 80 × 80 lattice with impurity
λ0 ¼ G0ðE0; 0Þ−1 ≈ −0.20þ 2.04i, corresponding to AIC
at E0 in the thermodynamic limit. We focus on the spatial
profile of the eigenstate closest to E0, labeled E1 (red cross),
andanother arbitrarilychosenstateE2 (graycross).SinceE1 is
close to E0, its plane wave component is negligible, and the
spatial profile is dominated by the algebraically localized
component. In contrast, E2 exhibits a significant plane wave
component. Quantitatively, Figs. 2(b1) and 2(b2) show the
spatial profileofE1 andE2 along thexaxis (indicatedbygreen
dots), respectively. After the subtraction of the plane wave
component (blue dots), the remaining term can be well
approximated by AIC calculated in Eq. (8) (red solid line).
LDOS peak at AIC energy—In Hermitian systems, a

characteristic signature of a resonance is a peak in the
LDOS at the impurity site [49]. The LDOS at the impurity 0
is defined as the density of states weighted by the wave
function amplitude at the impurity,

ρðE; 0Þ ≔
X
i

δðE − EiÞjψ ið0Þj2: ð12Þ

In non-Hermitian systems, the extension of this definition is
not unique, since one may choose the weight to be the
amplitude of the left, right, or biorthogonal eigenstates. As
we shall see, however, this choice does not affect the
qualitative conclusions below. For definiteness, we use the
right-eigenstate weight jψR

i ð0Þj2.
In non-Hermitian systems, there is also a peak at the AIC

energy for ρðE; 0Þ. For generic continuum energies, the
corresponding eigenstate is a superposition of a localized
(AIC-like) component and a plane-wave component, with
the latter vanishing exactly at the AIC energy. Since the
plane-wave part generally reduces the weight at the
impurity site by delocalizing the wave function, states

FIG. 2. (a) Perturbed spectrum of H̃0 under a 80 × 80 lattice with impurity λ0. The parameter is same as Fig. 1. Red cross (E1) is the
nearest eigenstate to E0, and gray cross (E2) is an arbitrary state. Note that a bound state [59] with energy Eb ≈ −0.22þ 2.00i is not
shown in the figure, since it is not our focus here. (b1)[(b2)] Green dots: the spatial profile ofGL

0 ðE1;xÞ½GL
0 ðE2;xÞ� along the x axis; blue

dots: the spatial profile subtracted by the extended plane wave part; red solid line: the asymptotic approximation of the algebraic decay
calculated from Eq. (8). (c) The LDOS ρðE; 0Þ of the system, with red cross and gray cross indicating the energy of E1 and E2,
respectively.
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with energies near the AIC energy carry larger weight than
typical continuum states. Consequently LDOS develops a
peak at the AIC energy. As a demonstration, Fig. 2(c)
shows the LDOS at the impurity site for the model, with a
pronounced peak located at E0.
Direct in situ measurement of the LDOS at a complex

eigenenergy is indeed challenging, especially in quantum
platforms, because standard local probes access the
response only at real excitation frequencies. However,
the LDOS and the AIC wave function can be inferred
indirectly by reconstructing the Green’s function from real-
frequency measurements. This type of Green’s-function
tomography has already been implemented in higher-
dimensional acoustic lattices, where complex spectra
and biorthogonal eigenmodes are extracted directly from
experiment [64].
Discussions and conclusions—Since the number of

AICs, i.e., the cardinality of PðλÞ, is of order one, they
constitute only a negligible fraction of the system’s total
degrees of freedom. One might question their experimental
accessibility. This issue can be addressed using a pertur-
bative approach: for a generic continuum eigenstate, one
can compare its spatial profile with and without the
impurity. This difference is expected to exhibit algebraic
decay in space, indicating a clear experimental signature.
As a final remark, although we focus on PBC through-

out, the concept of AICs can be extended to extended to
open boundary conditions (OBC) [55]. Specifically, for
systems with corner skin effect [48,65–68], algebraically
modified states also exist in the sense that they correspond
to solutions of fλðEÞ ¼ 0 within the continuum spectrum.
Intuitively, with the exponential suppression of skin effect,
such states generally behave as Oðjr − rimpj−1e−μ·rÞ with
rimp as the position of the impurity. For systems with
algebraic skin effect [48], the generalization of AICs is
subtle since biorthogonal decomposition is challenging in
this case. We conjecture that AICs are still greatly sup-
pressed and hard to observe as suggested by numerics [55],
given that skin modes are rather robust against local
perturbation.
We emphasize that in non-Hermitian systems where the

skin effect is absent under specific open boundary geom-
etries—for example, systems exhibiting geometry-depen-
dent skin effects [21,69–74]—the AICs behave
analogously to the PBC case and thus remain observable.
Moreover, this class of systems is known to generically host
Bloch saddle points [59], implying that even infinitesimal
impurity potential is sufficient to induce algebraically
localized states embedded in the continuum spectrum.
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