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Studies of entanglement dynamics in quantum many-body systems have focused largely on initial
product states. Here, we investigate the far richer dynamics from initial entangled states, uncovering
universal patterns across diverse systems ranging from many-body localization (MBL) to random quantum
circuits. Our central finding is that the growth of entanglement entropy can exhibit a counterintuitive
nonmonotonic dependence on the initial entanglement in many nonergodic systems, peaking for
moderately entangled initial states. To understand this phenomenon, we introduce a conceptual framework
that decomposes entanglement growth into two mechanisms: “build” and “move.” The “build” mechanism
creates new entanglement, while the “move”mechanism redistributes preexisting entanglement throughout
the system. Specifically, we demonstrate that MBL dynamics are “move-dominated,” exhibiting a
quantitative agreement with a random SWAP circuit that serves as a model of pure “move” dynamics
by uniformly distributing preexisting entanglement. This implies that MBL acts as a redistributor of a
hidden entanglement reservoir quantified by the bipartition-averaged entropy. This “build-move”
framework offers a unified perspective for classifying diverse physical dynamics, deepening our
understanding of entanglement propagation and information processing in quantum many-body systems.

DOI: 10.1103/xkh7-gdqm

Introduction—Entanglement is a cornerstone of modern
physics [1–3] and specifically a key diagnostic for non-
equilibrium quantum dynamics [4–10]. The standard
approach investigates the time evolution of entanglement
entropy (EE) from an initial product state, revealing a rich
landscape of dynamical behaviors. In thermalizing systems
and generic randomquantum circuits (RQCs), entanglement
grows rapidly, often linearly in time [11–26]. By contrast,
many-body localized (MBL) systems [27–63] exhibit a
much slower, logarithmic growth [64–72], while integrable
systems saturate to nonthermal values [73–77] and non-
interacting Anderson localized (AL) systems show severely
suppressed entanglement growth [78–90]. However, this
fruitful paradigm inherently conflates two distinct aspects of
entanglement dynamics: the initial generation of entangled
resources and the subsequent transport of this entanglement.
The observed half-chain entanglement entropy (HCEE)
growth is thus always a composite effect, leaving the
underlying pattern of entanglement propagation obscured.
To deconstruct this process and isolate the intrinsic

entanglement handling capabilities of a given system, we
shift the paradigm to study the evolution of initial states that
already possess volume-law entanglement, which we term

partially thermalized states. These states are thus prepared
to contain a rich, preexisting reservoir of entanglement,
providing a nontrivial substrate for the subsequent dynam-
ics. This paradigm shift allows us to move from the
question “How fast is entanglement created?” to a more
profound one: “How does a system’s inherent dynamics
process and redistribute preexisting entanglement?” This
setup facilitates a deep probe into the intricate interplay
between a system’s fundamental character and an existing,
complex entanglement structure.
In this Letter, we address these questions and uncover a

remarkable phenomenon: in MBL dynamics, the HCEE
growth exhibits a nonmonotonic behavior with its initial
value, profoundly differing from thermalized systems [see
Fig. 1(d)]. To rationalize the observed behaviors, we
introduce a novel conceptual framework that decomposes
HCEE growth into two primary mechanisms: “build” for
creating new entanglement and “move” for redistributing
preexisting entanglement, as schematically shown in
Figs. 1(a) and 1(b), respectively. We demonstrate that this
framework not only quantitatively explains our results by
identifying MBL as a “move-dominated” dynamics but
also provides a unified perspective for classifying diverse
quantum dynamics.
Model and methods—We study the dynamics in a one-

dimensional spin-1=2 chain of even length L using exact
diagonalization. The central quantity of interest is the
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HCEE measured in bits: S ¼ −Trðρ̂HClog2ρ̂HCÞ, defined as
the von Neumann entropy of the first L=2 spins whose
reduced density operator is ρ̂HC. The various physical
processes in our study, from initial state preparation to
subsequent dynamics, are mainly based on the one-dimen-
sional disordered XXZ Hamiltonian with open boundary
conditions:

Ĥ ¼
XL−1

i¼1

�
Ŝxi Ŝ

x
iþ1 þ Ŝyi Ŝ

y
iþ1 þ JzŜ

z
i Ŝ

z
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�
þ
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z
i : ð1Þ

Here, Ŝαi (α ¼ x, y, z) are the spin-1=2 operators at site i,
and we set the anisotropy Jz ¼ 0.5. The on-site fields hi are
independent random variables drawn uniformly from the
interval ½−W;W�. This Hamiltonian has a Uð1Þ symmetry
which conserves the total magnetization in the z direction,
Ŝztot ¼

P
L
i¼1 Ŝ

z
i . All calculations are performed in the half-

filling sector Ŝztot ¼ 0. The system is in the thermal and
MBL phases at W ¼ 0.5 and W ¼ 5.0, respectively [29]
[see Supplemental Material (SM), Sec. II [91] for details].
Our primary focus is on the evolution from initial states

with varying degrees of entanglement. We prepare initial
states jψðτÞi by evolving a product state jψ0i under the
thermal Hamiltonian ĤðW ¼ 0.5Þ for a duration τ. jψ0i is
randomly chosen from the computational basis states
within the half-filling sector. The evolution time τ directly

controls the initial entanglement and the level of thermal-
ization as jψðτÞi ¼ e−iτĤðW¼0.5Þjψ0i. Subsequently, we
examine the dynamics of these prepared states under the
followingUð1Þ-symmetric dynamical protocols: (1) Thermal
dynamics: jψðτÞi evolves under the thermal Hamiltonian
ĤðW ¼ 0.5Þ. (2) Hamiltonian MBL dynamics: jψðτÞi
evolves under the MBL Hamiltonian ĤðW ¼ 5.0Þ.
(3) Free fermion dynamics: evolution under the free fermion
Hamiltonian ĤXY with Jz ¼ 0 and W ¼ 0 in Eq. (1).
(4) Floquet MBL dynamics: a periodic drive is applied using
the Floquet operator F̂ ¼ e−iT0Ĥ0e−iT1ĤXY [57]. Here, Ĥ0 ¼P

L−1
i¼1 Ŝzi Ŝ

z
iþ1 þ

P
L
i¼1 hiŜ

z
i , with disorder strengthW ¼ 5.0,

T0 ¼ 1.0, and T1 ¼ 0.4. (5) AL dynamics: jψðτÞi evolves
under the noninteracting AL Hamiltonian, with Jz ¼ 0 and
W ¼ 5.0 inEq. (1). (6)RQCprotocols:we employRQCs as a
paradigmatic model for understanding universal aspects of
entanglement dynamics [15,17,22,23,102–114]. Our imple-
mentation consists of circuits where, at each step, a single
two-qubit gate U is applied to a randomly selected adjacent
pair of spins ði; iþ 1Þ from the L − 1 bonds [Fig. 1(c)]. The
two-qubit unitary is given by

Ûi;iþ1 ¼ e−iα
�
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e−iβŜ
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Results—To analyze the entanglement dynamics under
different protocols, we first introduce a conceptual

(a) (b) (c)

(d) (e)

FIG. 1. “Build-move” framework and the increase of HCEE in various dynamics. (a)–(c) Schematic illustrations of “build”mechanism
(a), “move” mechanism (b), and RQC composed of two-qubit gates U (c). Blue circles represent spins, and pairs of spins linked by red
double arrows indicate Bell pairs. (d),(e) Classification of dynamics based on the HCEE growth: ΔS ¼ Ssat − Sinitial as a function of the
initial HCEE, Sinitial. All data points are for system size L ¼ 16. Sinitial is controlled by varying the preparation time τ. (d) Results for
Hamiltonian-based dynamics. (e) Results for RQC-based dynamics. Note the striking similarity between the MBL curve in (d) and the
Random SWAP curve in (e). The two-qubit gates U are defined in Eq. (2), with parameters in various classes detailed in Table I. For the
calculation details of the data in all figures in the main text, please refer to Supplemental Material, Sec. I [91].
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framework that decomposes the growth of HCEE into two
fundamental mechanisms: “build” and “move.” As shown
in Fig. 1(a), the “build” mechanism creates new entangle-
ment directly. For instance, a two-qubit unitary gate U
across the central bond can generate a Bell pair from a
product state, increasing the HCEE from 0 to 1. The
“move” mechanism, depicted in Fig. 1(b), involves the
redistribution of preexisting entanglement. Here, an
entangled pair within one subsystem is transported across
the central bond, for instance, via a SWAP gate, also raising
HCEE from 0 to 1. While both mechanisms often occur
simultaneously in a generic interacting system, their
proportional contributions are highly dependent on the
specific dynamics.
To isolate the “move”mechanism,we employ the random

SWAP circuit as an idealized model, which can be achieved
up to a global phase by setting α ¼ β ¼ π in our RQC
protocols. The key insight is that a SWAP operation merely
exchanges the state of two spins. This allows us to
equivalently view the action of the random SWAP circuit
on a fixed bipartition as an evolution of the bipartition itself
across a static state. This evolution generates transitions
between the N ¼ �

L
L=2

�
=2 distinct bipartitions, establishing

an ergodic Markov chain with a uniform stationary distri-
bution (see the proof in SM, Sec. III [91]). Consequently, at
sufficiently large circuit depth, every bipartition becomes
equally probable. This directly implies that the steady-state
HCEE under the random SWAP circuit corresponds pre-
cisely to the initial state’s bipartition-averaged entangle-
ment entropy (BAEE)—the entanglement entropy averaged
across all N possible equal-size bipartitions: S̄ ¼ ð1=NÞP

A∈P SA, where P is the set consisting of subsystems
corresponding to all N possible bipartitions and SA
represents the entropy of the subsystem A on P. The
BAEE provides a more robust measure of the state’s
overall entanglement, invariant under SWAP dynamics,
which only redistributes existing entanglement. This model
thus establishes a baseline for move-driven dynamics,
enabling quantitative comparisons with more complex
protocols. For more analysis about the BAEE, see SM,
Sec. VI [91].
For RQC protocols of α; β∈ ½0; 2π�, the specific points

ðα; βÞ ¼ ð0; 0Þ; ð0; 2πÞ; ð2π; 0Þ, and ð2π; 2πÞ are trivial as
the operator Ûi;iþ1 can be decomposed into a tensor product
of single-qubit gates. Generic choices of ðα; βÞ are expected
to lead to full thermalization, where the HCEE saturates
near the Haar measure average value in the half-filling
sector [115–119], which is marked by dashed lines in
Figs. 1(d), 1(e), 2, and 3. Nonthermalization behavior
occurs only for a small set of special parameter values,
which we classify into five categories based on the distinct
saturation values of their HCEE. Within each category,
different parameter choices for ðα; βÞ lead to dynamics with
almost the same saturating HCEE value. The random
SWAP circuit mentioned above is one of these five

categories. The parameter setting for these categories is
summarized in Table I.
Figure 2(a) displays the localized dynamics for a long

time starting from jψðτÞi, where the evolution under
different nonthermal dynamics reveals distinct behaviors.
For both the Hamiltonian MBL and the Floquet MBL
protocols, the HCEE exhibits a characteristic slow, loga-
rithmic growth in time. It eventually reaches a saturation
value that, while significantly higher than the initial HCEE,
remains well below the Haar measure average value in the
half-filling sector. In sharp contrast, the dynamics governed
by the noninteracting AL Hamiltonian [Fig. 2(a)] and the
RQC(A) protocol [Fig. 2(b)] both show almost no further
increase in HCEE, among which the former confirms
that interactions are crucial for moving the entanglement.

(a)

(b)

FIG. 2. Time evolution of HCEE S with initial state jψðτÞi for
L ¼ 16 and τ ¼ 4.5. (a) Evolution under localized dynamics. The
lower axis shows time t for AL and Hamiltonian MBL evolutions,
and the upper axis shows the period number for the Floquet MBL
dynamics. To visualize the dynamics across multiple timescales,
the horizontal axis uses a hybrid scale of linear time for the initial
evolution (t; period number < 10) and logarithmic for long
times. (b) Evolution under RQCs dynamics. The horizontal axis
represents the circuit depth. The specific ðα; βÞ values shown in
the legend are the parameters of the quantum gates selected from
their respective categories.
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The other nonthermal RQC protocols, RQC(B)–(D), all
facilitate HCEE growth, but with distinct steady values.
To systematically quantify the relationship between

initial entanglement and subsequent entanglement growth,
we analyze the total increase of HCEE, ΔS ¼ Ssat − Sinitial,
as a function of Sinitial. The results, plotted in Figs. 1(d)
and 1(e), reveal that the diverse dynamical protocols can be
classified into three classes based on their monotonicity,
which reflects the capability to generate and transport
entanglement. This classification not only is supported
by the macroscopic behavior of ΔS but also is consistent
with the microscopic action of the gate for the RQC
dynamics.
Move-dominated dynamics—The first class of protocols

is defined by a predominant “move” mechanism, whose
fundamental role is to redistribute existing entanglement.
As depicted in Fig. 1(d), the dynamics of MBL clearly
exhibit a nonmonotonic dependence of ΔS on Sinitial. This
behavior, which differs significantly from that in thermal or
AL dynamics, is a key finding of this Letter. For nearly
product states (Sinitial ≈ 0), ΔS is negligible due to the
minimal entanglement available for transport. It then
increases to a peak for moderately entangled states before
decreasing again as Ssat approaches the Haar measure
average value. This distinct nonmonotonic behavior serves

as a hallmark of the move-dominated mechanism. More
importantly, we find the quantitative agreement of the
results fromMBL and random SWAP circuits, although the
time scales for entanglement saturation are distinct for these
dynamics. This agreement is highly nontrivial: it implies
that, despite the complex Hamiltonian origin of MBL, its
effective entanglement dynamics approximately reduces to
a simple shuffling of bipartitions. This class also encom-
passes RQC(C) and (D), as illustrated in Fig. 1(e). This is
directly explained by their gate-level action, which func-
tions similarly to a SWAP operator. For example, when an
RQC(C) or (D) gate acts on the first two spins of the state
j↑↑↓i þ j↑↓↑i, the transformation yields e−iβ=4j↑↑↓i−
ieiβ=4j↓↑↑i. This effectively converts entanglement from
between the last two spins to between the first and third
spins, thereby realizing the “move” operation at the micro-
scopic level.
Build and move hybrid dynamics—The second class of

dynamics exhibits a hybrid “build-and-move” character. In
conventional thermal systems, a significant ΔS emerges
even from initial product states (Sinitial ¼ 0), signifying the
“build” mechanism that generates entanglement from
scratch [Fig. 1(d)]. This entanglement increase, ΔS, dimin-
ishes as Sinitial rises. Similarly, free fermion systems also
reach the equilibrium with weaker “build” capabilities due
to extensive conserved quantities, resulting in a smallerΔS.
Consistent with this, RQCs with general α∈ ð0; πÞ ∪
ðπ; 2πÞ, including both thermal RQC and RQC(B),
also show the same monotonically decreasing trend of
ΔS, as shown in Fig. 1(e). The ability of these RQCs to
effectively generate entanglement from product states—for
instance, transforming j↑↓i into the entangled state
eiβ=4½cosðα=2Þj↑↓i − i sinðα=2Þj↓↑iÞ, further corroborates
the pervasive “build” mechanism within this class.
Specifically, RQC(B) with β ¼ 0 mimics free fermion
dynamics. Moreover, with increasing Sinitial, the “move”
aspect for these systems also becomes a prominent con-
tributor to the overall entanglement growth.
Entanglement-inert dynamics—Finally, the third class is

essentially inert with respect to HCEE growth. Both AL
and RQC(A) fall into this class, producing negligible ΔS
across the entire range of Sinitial [see Figs. 1(d) and 1(e)].
This inert behavior stems from the lack of essential
ingredients for either “build” or “move” contribution.
For AL, the noninteracting and localized character of the
Hamiltonian prevents entanglement from forming or

FIG. 3. Evolution of BAEE S̄, HCEE S, and their difference
under thermal Hamiltonian ĤðW ¼ 0.5Þ for L ¼ 16, starting
from the product state jψ0i. The data point corresponding to the
maximum value of S̄ − S is at τ ¼ 3.0 with HCEE S ≈ 1.34,
roughly coinciding with the optimal Sinitial for the peak ΔS of
move-dominated dynamics in Figs. 1(d) and 1(e).

TABLE I. Classification of Hamiltonian-based and RQC-based dynamics on the behavior of ΔS with Sinitial.

Hamiltonian-based dynamics RQC-based dynamics Tendency of ΔS with Sinitial

Thermalization α∈ ð0; πÞ ∪ ðπ; 2πÞ, β∈ ð0; 2πÞ Monotonic decay
MBL α ¼ π; β ¼ π (SWAP), f0; 2πg (class C), other values (class D) Nonmonotonic peak
Free fermion α∈ ð0; πÞ ∪ ðπ; 2πÞ, β ¼ f0; 2πg (class B) Monotonic decay
AL α ¼ f0; 2πg, β∈ ð0; 2πÞ (class A) Negligible
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spreading. For RQC(A), the underlying gate is diagonal in
the computational basis, which can only affect relative
phases, thereby rendering it incapable of generating or
transporting entanglement.
Discussion and conclusion—In this Letter, we system-

atically investigate entanglement dynamics across diverse
quantum systems, moving beyond the conventional focus
on product states to explore initial states that already
possess entanglement. Our central finding is a universal
three-class classification of entanglement growth. Most
notably, we uncover a nonmonotonic dependence of HCEE
increase on initial entanglement in MBL dynamics (we also
considered the quantum sun model [120], more consistent
results are detailed in SM [91]) and specific RQCs—a
behavior qualitatively distinct from thermal dynamics. To
fundamentally account for these novel results, we introduce
the “build-move” framework. This framework offers a
universal lens through which to understand complex
entanglement growth by classifying dynamics based on
their capacity to generate new entanglement (“build”) and
effectively transport preexisting entanglement (“move”).
Our Letter yields another key insight by distinguishing

between the entanglement of a single, fixed bipartition
(HCEE) and the overall inherent entanglement in the
quantum state, which we quantify using the BAEE.
Figure 3 illustrates that, even in a generic thermalized
system, the BAEE grows considerably faster than the
HCEE during early dynamics. This initial divergence
quantifies the rapid buildup of entanglement throughout
the system at a local level, effectively establishing an
accumulating intrasubsystem entanglement reservoir. This
reservoir is central to understanding the initial increase of
ΔS with Sinitial in move-dominated dynamics: a larger
reservoir provides more entanglement potential to be
“moved” across the central bond. Our results demonstrate
that MBL dynamics effectively unlock this potential,
converting the hidden reservoir S̄ − S into accessible
half-chain entropy via the “move” mechanism. This picture
is supported by a remarkable quantitative consistency: the
value of Sinitial where the entropy growth ΔS peaks for
MBL dynamics [Fig. 1(d)] aligns with the maximum
difference between BAEE and HCEE. This alignment
provides compelling evidence for the dominant “move”
mechanism in MBL entanglement dynamics, fundamen-
tally recasting MBL as a global redistributor of a “hidden”
entanglement reservoir.
This perspective underscores the limitation of using a

single bipartition’s EE to fully capture a system’s entan-
glement structure and highlights the importance of multi-
partition entanglement measures, a topic of growing
interest [121–123]. Our Letter provides a clear dynamical
context for this multipartition viewpoint. Moreover, the
distinct dynamical signatures predicted by our framework
present clear targets for experimental verification on near-
term quantum simulation platforms. Finally, our results

have practical significance for numerical approaches: the
saturation entanglement of MBL dynamics, which is
reached only after exponentially long timescales, can be
effectively approximated by the BAEE or random SWAP
circuits. This provides a basis for utilizing efficient proxies
to estimate steady-state properties while bypassing the
prohibitive computational cost of simulating the full
dynamical evolution.
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